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ABSTRACT 

The  reeulte  of  an  extenaive  experimental  program  on 
the  stabl.'ity  of  cylindrical  and  conical  ahella  under  various 
loading  conditions  are  presented  and  discussed.  l/>ading 
conditions  for  both  cylinders  and  cones  include  axial  com¬ 
pression,  axial  compression  with  internal  or  external  pres¬ 
sure,  bending  with  and  without  internal  pressure,  axial 
romprassioncombinedwith  both  bending  and  Internal  pres¬ 
sure,  and  a  limited  amount  of  data  on  torsion  of  conical 
shells.  Where  feasible,  values  suitable  for  design  are 
recommendedand areas  needing  additional  theoretical  and 
experinMntal  study  are  indicated. 
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1.  INTRODUCTION 

Although  many  theoretical  and  experimental  investigations  have  been 
carried  out  on  the  buckling  of  cylindrical  and  conical  shells,  understanding 
of  the  phenomena  is  far  from  complete.  Results  which  differ  between 
investigators,  insufficient  numbers  of  specimens  to  obtain  a  measure  of 
the  validity  of  the  experimental  data,  and  limitations  in  the  ranges  of  the 
parameters  studied  have  in  many  instances  led  to  inconclusive  results. 
Over  the  past  two  years  the  Engineering  Mechanics  Department  of  the 
Space  Technology  Laboratories  has  engaged  in  a  program  to  obtain  a  com¬ 
prehensive  set  of  experimental  data  under  carefully  controlled  conditions 
and  has  attempted  to  correlate  these  data  with  existing  theory  and  experi¬ 
mental  results  of  othei  investigators.  The  progra.n  has  also  included 
combined  loadings  and  specimen  configurations  not  previously  investigated. 
A  wide  range  oi  cylindrical  and  conical  parameters  were  considered,  and 
axia*  compression,  internal  and  external  pressureu,  bending,  torsion, 
and  a  number  of  combined  load  conditions  w  «  studied- 

Tlu*-  final  report  under  Contract  AF  04(647)-6l9  is  intended  to  be  self- 
contained.  Data  presented  in  semiannual  report^  have  been  revised  in  the 
light  of  niore  recent  information  and  supplemented  with  material  either 
omitted  previously  or  newly  obtained. 

It  is  ..oped  that  the  results  of  this  study,  ira.ty  of  which  were 
unexpected,  will  stimulate  the  interest  rf  others  to  rngage  i.t  the  many 
theoretics!  large- deflection  an^lyces  needed  to  explain  the  varlouc  pheno¬ 
mena  and  in  the  additional  experimental  work  needed  to  complement  and 
ex.end  the  range  of  paramete  's  coneidered. 
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II.  NOMENCLATURE 


C, 


#• 

cr 


C 


♦ 


C 


b 


D 

E 

L 


M 

n 


P.  P 


total 


not 


Axial  compresaion  load  coefficient 

P  . _  P 


,  2 - 2~ 

Zi^Et  COB  a 


for  conet  or 


y  for  cylinder.  . 
2»Et  j 


Axial  compresaion  buckling  coefficient  auggested 
by  Kanemitau  and  Nojima,  including  length  effect. 


Bending  moment  coefficient 
M 


1 — z~ 

.▼ERjt  coa  a 


for  conea  or 


M 


»ERt 


2  for  cylindera 


Flexural  otiffneaa  of  ahell  wall 


Et* 


2) 


,12(1  -  V 

Young'  a  modului*  of  ahell  wall  material 
Axial  length  of  cylinder  or  cone 
Slant  length  of  cone 
Critical  bending  mcxnant 

Number  of  circumferential  wavea  in  me  buckled 
under  external  preaaure 

Number  of  circumferential  wavea  in  equivalent 
cylinder  buckled  under  external  preaaure 

Total  axial  load  at  buckling 

Net  axial  compreaalon  load  for  preoaurlaed 
cylindera 

(^otal  * 

Minimum  net  axial  compreeaion  load  in  buckled  elate 

Critical  axial  coaopreaaloa  load 

Uniform  internal  or  external  hydroetatic  nreaeure 
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NOMENCLATURE  (Continue^’) 


Internal  pressure  parameter 


Critical  external  pressure 


for  cylinder^ 


Internal  pressure  parameter  ^IZ  (1  -  v^)  ^  j 
Critical  external  pressure  for  equivalent  c/liader 


Cylinder  radius 
Radius  of  small  end  of  cone 
Radius  of  largo  end  of  cose 
Critical  torsion  moment 
Shell  wall  thickness 

L* 

Cylinder  curvature  parameter  ( 1  -v  )"^ 

Semlvertex  angle  of  cone 
Critical  load  ahortaalng  parameter 

Ratio  of  compressive  strain  and  claselcai  buckling 
strain 

Pcisaon'e  ratio  at  wall  material 
Radius  of  curvelmre  at  sasall  ead  of  caae 
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•CklENCLATU’.JE  (r<j.:i;inaed) 


av 

e 

P 

O’.  «■ 


cr 


^cl'\ 


Average  radius  of  curvature  of  cone 


2  coe  a 

\.  ' 

Radiue  of  curvature  of  equivalent  cylinder  foi  torsion 


Critical  average  ccmpreesive  stress | 
Maximum  compressive  stress  due  to  bending 


Tb«oreticftl  coM0r«»siv«  buckliaii  ■  n  »  ■  i 

^  IV3(1-/)  IT. 


^prop  limit 


max 


min 


min 


max 


Stress  coefficient  at  proportional  limit  of  ntaterial 


Maximum  critical  bending  stress 

[  — ^  for  cylinders  or  ' 

VwR^t  *^1  *  • 


for  cones 


Minimum  axial  compressive  stress  in  buckled  state 
Minimum  ^xlal  compressive  stress  coefflrent I  -Sy 

^  ®ir ' 

(  T  ^ 

Critic  ’  torsion  stress  at  small  end  of  cone  ;  —  ■•y '  i 

Vi«R/t; 


cr 


Total  end  sbortaning  at  budding 


Cone  gSMsetry  parameter  I  Vl  2(1  •  V  ) 


-y  *, 


R./ros  e 
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III.  PROPERTIES  OF  MYLAR 

Moat  of  the  cylinders  and  conical  shells  used  in  the  experimental 
program  were  constructed  of  Type  A  Dupont  Mylar  Polyester  Film. 

Mylar  is  made  by  a  random  calendering  process  and,  according  to  the 
manufacturer,  has  very  nearly  isotropic  mechanical  properties.  The 
material  has  been  found  to  have  a  proportional  limit  of  about  6000  psi,  a 
yield  stress  of  about  11,000  psi,  und  a  Young's  Modulus  in  the  neighbor¬ 
hood  of  700,000  psi.  What  makes  Mylar  so  attractive  for  investigations 
of  this  kind  is  the  large  amount  of  strain  that  it  can  withstand  without 
(■.:-:cesslve  permanent  set.  which  permits  specinoens  to  be  reused  many 
times.  For  instance,  the  yield  strain  for  Mylar  is  on  the  order  of  1.  5 
percent  as  compared  .■>  values  of  0.  7  percent  or  lose  for  most  of  the  struc¬ 
tural  metals.  Resistance  to  the  use  of  plastic  models  in  experimental 
investigatious  of  shell  stability  problems  has  been  expressed  in  the  past, 
but  the  use  of  Mylar  for  these  programs  appears  to  be  increasing.  Com¬ 
parison  of  the  present  results  for  Mylar  specimens  with  those  for  speci- 
mems  of  steel,  aluminum,  and  brass  should  be  convincing  proof  that 
Mylar  has  its  place  in  the  list  of  m.xterials  for  shell  investigaiioni. 

Equally  true  is  the  fact  that  Mylar  has  its  limitatlbns  In  that  it  is  too 
elastic  to  give  applicable  results  for  ‘  ^ses  'hich  the  str^ss-stste  prior 
to  buckling  is  plsatlc  for  metai  specimsns  or  in  investigations  of  post- 
buckling  phsaomena  which  would  indues  plastic  affects  in  nnstal  specimens. 
But  than,  the  reaulta  for  any  material  should  be  used  with  caution  in 
theae  caees  since  they  are  undoubtedly  applicable  only  to  that  particular 
material. 

A.  Thickness  Variation 

Ar  invaet^vgation  was  'nade  early  in  the  course  of  the  program 
to  determine  the  variation  oi  Mylar  ahaat  fressi  aaantaal  thlckneas.  Btripe 
ware  cut  from  ^oUs  of  different  Aichiiese  and  maasureC  at  ahaat  10  places 
in  each  strip.  The  normal  variatiaa  ot  tMchnees  was  found  to  fall  wall 
within  the  limits  stated  hy  the  manufaetarer  as  ehowa  in  Tahls  1. 
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Table  1.  Normal  Variation  of  Mylar  Thickneaa. 


Nominal 

Gag* 

(mils) 


Thickneaa  Variation 
(inch) 

Average 

Thickaeea 

(inch) 

0.0017  -  0.0023 

0.  0020 

0.0026  -  0.0034 

0.  0030 

0.0043  -  0.0057 

0.  0050 

0.0069  •  0.0085 

0.  0075 

0.0089  •  0.0112 

0.  0101 

biodulua  of  Elaatlcitv 


The  modulua  of  alaaticity  of  Mylar  appeara  to  vary  about  *9 
percent  about  a  maan  value  of  735,  000  pai  for  all  thicfcneaaaa. 

The  modulua  kaa  been  found  to  vary  from  roll  to  roll  of  oatenaibly 
idantical  material  and  from  location  to  location  in  any  particular  roll. 
The  approximate  variation  found  for  the  different  material  gagea  uaed 
ia  Hated  in  Table  2. 


Table  2.  Variation  of  Young'a  Modulua. 


Range  of  Younfa  Modulua 
(«*!•)  (kail 


730  -  UC 
7M  -  810 
720  -  750 
760  •  820 
680  -  720 
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Investigation  has  shown  that  the  Young* »  tnodulus  is  relatively 
independent  of  aging  or  working  of  the  material,  eiass  both  newly  3recei*’ed 
material  and  materisi  *.vhich  bad  been  tested  and  stored  for  three  ntostbs 
yielded  results  within  the  normal  range  of  scatter.  Similarly,  the  moduli 
of  rnaterial  cut.parallel  and  perpendicular  to  the  rolling  direction  fell 
within  the  same  scatterband.  Tests  also  indicate  that  the  modulus  is 
tnseasitivo  to  normal  varlationa  of  strain  rate. 

It  was  decided,  as  the  program  progressed,  that  it  would  be  best 
to  measure  the  modulus  of  elasticity  of  each  specimen.  Standard  tensile 
specimens,  6  inches  in  length  and  1/2  inch  in  width,  were  cut  from  thr 
tested  cones  and  cylinders  and  clamped  in  a  Riehle  testing  mach^^e.  A 
spring  loaded  2  inch  gage  ienjth  extensometer  waa  then  rls^'.pad  to  the 
Mylar  specimen.  A  continuous  load-deflsction  output  ras  rea'Von.tho 
Riehle  X-Y  plotter.  The  reaults  of  these  teats  ?'.e  givan  with  the  tat  jlated 
experimental  data.  A  typical  load-strain  r  ^rve  is  shown  in  Figur';  a. 


C.  Foisson*s  Ratio 

It  iM  difficult  to  ob*..xa  Poisson's  ratio  for  Mylar,  sines  strain 
gages  do  not  bond  reedi^/  to  the  material  and  siucvs  the.  sfiffnssa  .of  the 
noaterlal  relative  the  strain  gage  ra&kes  the  results  of  dublcos  valh^ity. 
Some  au'  made  using  strein  gages  indicated  a  \'alue  of  PcisiitC'Vi's  e-* 

of  appr''.»imately  0.3.  / 

/ 

Another  method  yielded  similar  result*.  Sxnall  .^red 

Mylar  plates  msasurisg  0.9  by  1.8  inchss  were  vihratev  *3  resonant 

frsqusncies.  A  frequency  generator  and  e.mpiifier  w/  conse.  ^  a 

shaker  using  an  elsetronic  counter  to  give  eceurat  ersquenc  ■  ‘•.v  .  w'o- 

meats.  A  sensitive  microphone  placed  above pJfc  '  .  ^.  .aed 

tlie  frequency  accurately  (sea  Figure  2  for  t^  -  toet  setup).  »  -  ' 

consisted  of  varying  tb«  fre^icncy  inpf^  ^  ita  shakur 

third  rosoaent  ff^uei^ies  {see  Figure .  i  tmd  4)  wars  picked  :  . 

microphone  and  rec  The  amf*::tude  of  vibratkm  eoidd  be  '^ry 

eoEuUl,  fiiereby  roduciag  Uss  damp'.ig  effect  of  the  sorroox^tng  ui  ^ 

2 

equatioa  frr  determining  £/Ci  “v)  is  givsn  in  Refsrenec  i 
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IV.  SPECIMEN  PREPARATION  AND  TEST  EQUIPMENT 

Fabrication  and  testing  techniques  and  the  testing  equipment  varied 
as  experience  was  gained.  The  principal  fabrication  procedures  and 
equipment  used  are  outlined  in  the  following  sections.  Topics  of  interest 
in  the  testing  procedure  are  discussed  in  the  sections  devoted  to  the  sepa¬ 
rate  load  conditions. 

•A.  Fabrication  Technique 

Specimens  were  made  by  cutting  accurately  developed  cones 
and  cylinders  from  the  Mylar  sheet,  allowing  1/2  inch  on  the  top  and  a 
minimum  of  3/4  inch  on  the  bottom  for  clamping  and  3/ 4- inch  overlap 
{1-1/4  inch  for  unpressurieed  cones  and  cylinders  in  axial  compression) 
for  the  longitudinal  seam.  All  the  cones  were  made  with  the  same  base 
radius  to  reduce  the  number  of  base  clamping  fixtures  needed.  The 
developed  cone  was  then  wrapped  firmly  about  a  conical  wooden  nnandrel. 

A  lap  joint  fastened  with  double -backed  adhesive  cellophane  tape  was  used 
for  thir  longitudinal  seam.  For  tests  involving 'interrnal  pressure,  the 
beading  natcrial  was  changed  co  Fcr'obond,  an  epoxy  cement,  after  experi¬ 
mentation  with  various  bonding  agents.  This  was  used  for  cylinders  and 
cone  9  a  wall  thickness  of  0.  005  inch  or  greater,  which  re<piired 

the  u..^  '.f  l’-v«r  values  of  internal  pressure  than  could' be  withstood'by 
the  cellophane  tape:  -  'Ithcut  excessive  creep.  Although  the  thin  Mylar 

Is  quite  flexible,  the  use  of  carefully  laid  out  patterns  and  conical 
assembly  mandrels  made  it  possible  to  obtain  specimens  that  were  dimen¬ 
sionally  accurate  and  relatively  free  of  initial  wrinkles  or  bulges.  The 
specimens  were  stored  on  the  mandrels  while  v/aiting  to  be  tested  (see 
Figure  5).  Steel  specimens,  8t>arn  welded  and  spun,  were  obtained  from 
an  outside  source. 

B.  Preparatioo  for  Testing 

For  the  unpressurlzed  axial  compression  or  external  pressure 
tests,  plastic  clamps  were  used  to  hold  the  cylinder  snd  come  specimens. 
The  clamping  fixture  for  the  cylinders  was  a  cylindrical  plug,  or  ftad 
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plate,  that  fitted  snug'*  into  the  ends  of  the  cylinder.  The  portion  of  the 
plug  that  extended  into  the  cylirder  was  one-half  inch  long.  To  ersure 
that  the  ends  of  the  cylinder  bore  nnifornnly  against  the  shoulder,  the  ends 
were  lapped  on  emery  cloth,  squared  accurately,  and  fit  checked  when  the 
specimen  was  assembled.  The  outer  cylinder  clamp  sliown  in  Figure  6 
was  discarded  after  it  was  found  that  its  usa  induced  end  wrinkling  which 
led  to  premature  failure  of  the  specimens.  The  test  results  were  not 
significantly  different  from  those  obtained  from  more  rigidly  clamped 
specimens. 

The  inner  and  cuter  clamps  for  the  conical  specimens  are  also 
shown  in  Figure  6.  Matching  faces  of  these  clamps  were  accurately 
machined  to  provide  uuitorm  clamping  around  the  ^uges  of  the  cone.  A 
clamped  specimen  is  shown  in  Figure  7(a). 

In  later  tests,  primarily  those  involving  ii-t'ernal  pressure 
And/or  bending.,  the  plaltn*  clamping  fixtures  ^ere  replaced  by  machined 
metal  and  plates  ccntoining  a  circular  trough.  The  end  of  each  specimen 
was  placed  in  this  trough  which  was  then  filled  with  molten  Cerrobend,  a 
low  melting  point  alloy.  After  the  Cerrobend  had  hardened,  the  specimen 
was  turned  over  and  the  ether  end  cast  into  the  corresponding  end  plate. 
The  ends  of  the  specimens  were  prevented  from  pulling  out  the  end 
plates  at  high  pressures  cr  in  bending  by  the  use  of  punched  holes  and 
staples  around  the  specimen  circumference.  In  still  later  tents  the  Cerro¬ 
bend  was  replaced  by  Cerrolow,  an  alloy  with  different  therncal  expaneion 
characteristics.  A  specimen  cast  into  metal  end  plates  is  shown  in 
Figure  7(b). 

A  procedure  similar  to  that  described  above  was  used  in  pre¬ 
paring  the  steel  specimens  for  testing.  In  this  case  a  stronger  casting 
alloy,  Cerromatrix,  was  used. 

C.  Test  Zquipment 

The  Mylar  cones  and  some  of  the  cylinders  tested  under  axial 
compression  and  internal  or  external  pressure  were  loaded  in  the  test 
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fixture  shown  in  Figure  7(a).  (See  Section  VI  test  setup  for  pre8Surlr'>H 
cylinders  in  axial  compression.  )  The  specimen  was  loaded  in  axial  com¬ 
pression  by  tightening  the  loading  screw,  which  transmitted  the  loud  through 
a  ball  Joint  into  the  load  cell  and  thence  into  the  specimen  through  a  spherical 
ball  placed  on  top  of  the  clamping  fixture.  Internal  pressure  was  provided 
by  compressed  air,  while  external  pressure  was  obtained  by  evacuating 
the  interior  of  the  cylinders  and  cones  by  means  of  a  vacuum  pump.  For 
steel  cones  and  cylinders  a  Baldwin  Universal  Testing  Machine  was  sub¬ 
stituted. 

Mylar  coney  tested  in  bending  were  loaded  in  the  tost  fixture 
shown  in  Figure  8.  Gqual  and  opposite  loads  were  applied  through  load 
ceils  at  the  ends  of  the  loading  beam  attached  to  the  upper  plate.  The 
weight  of  both  the  loading  beam  and  the  end  plate  were  counterbalanced. 

A  cable  attached  to  the  top  plate  passing  through  the  specimen  was  used 
to  apply  axial  compression.  A  similar,  but  stllfer,  test  setup  was  used 
for  stncl  cones  and  cylinders. 

The  earn*  type  of  test  fixture  used  for  tiin  bending  tests  was 
used  I'or  the  steel  specimen  torsion  tests.  The  c;dy  change  mace  was  to 
rotate  the  loading  point  90  degrses,  so  that  torsion  could  be  applied 
Instead  of  bending  moment.  The  test  setup  for  steel  cones  and  cyllndera 
Is  shown  In  Figure  9- 

D.  Instrumentation 

All  axial  loads  ware  determined  by  Atatham  unbonded  strelu- 
gage  load  rails.  Five  load  cells  -rere  used  for  the  taste;  these  covered 
the  load  ranges  of  0  to  10  pouixie,  0  to  25  pounuE,  0  to  1  SC  pounds,  0  to 
300  pounds,  and  0  to  1000  pounds.  The  load  cell  reading  la  acrurate  to 
within  0.  1  percent  cf  fuU  scale  reading.  Internal  preeaure  meeaurements 
ware  determined  by  Suthem  etrein  gege  preeeure  trenaducere  end  masMHn- 
etere.  Four  preeeure  trenedecers  were  ueed  for  the  taste:  these  covered 
the  ranges  of  0  to  1  pel,  0  to  5  pel,  0  to  10  pel,  and  0  to  20  psL  The 
pressure  transducer  is  sc  rate  to  within  0.  1  percent  of  frl)  ecele  reeding. 
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The  output  of  the  Statham  cella  waa  read  either  on  a  Baldwir  SB -4  type 
W  strain  indicator  or  on  a  Mosely  X- Yplotter  Model  S-Z.  The  X-Y  pfotter 
waa  used  when  load- deflection  curves  were  desired.  Deflection  measure¬ 
ments  were  obtained  by  means  of  a  Collins  integrated  differential  trans- 
fbi^mer.  The  instrument  has  a  al  inch  stroke  with  an  accuracy  of 
1  percent  for  full  scale  deflection. 

The  small  critical  external  pressure  for  the  Mylar  specimens 
was  measured  on  an  alcohol- kerosene  manorneter  shown  in  Figure  10. 

The  alcohol  and  kerosen.t  do  not  mix  and  can  be  made  to  have  the  same 
density  by  adding  water  to  the  alcohol.  Pood  coloring  was  also  added  to 
the  alcohol  to  provide  a  sharp  dividing  line  between  the  two  fluids.  The 
pressure  multiplicatinn  factor  obtained  with  the  use  of  this  manometer  is 
proportional  to  the  ratio  of  the  area  of  the  tank  and  that  of  the  manometer 
tube,  but  was  obtained  more  accurately  by  calibrating  the  50- inch  full 
scale  movement  of  the  meniscus  against  the  reading  of  a  water  manometer. 
For  Steel  cont-s  and  cylinders,  a  water  manometer  was  uasd.  since  the 
pressures  involved  were  on  the  order  of  40  times  thoss  for  the  Mylar 
specimens. 


I 
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(a)  Cenical  i%t«ciinan  Held  by  Plastic  Qasaiylag  flxtera 


Figure  7.  Metbode  of  Qaaapiag 
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V.  CYLINDERS  AND  TRUNCATED  CONES  UNDER  AXIAL 

COMPRESSION 

The  stability  of  cylinders  under  axial  compression  is  a  problem  that 

has  been  studied  both  theoretically  and  experimentally  by  many  investiga- 

* 

tors.  Intense  interest  was  initially  generated  by  serious  disagreei'^.«nt 
between  experimental  data  and  the  results  predicted  by  small  deflection 
theories  of  buckling,  a  disagreement  not  encountered  previously  with 
regard  to  columns  and  plates.  Theoretical  investigations  of  the  post- 
buckling  behavior  of  cylindrical  shells  (References  2,  3,  and  4)  revealed 
that  the  problem  differed  from  the  buckling  of  columns  and  plates  in  that 
neighbering  equilibrium  states  were  unstable,  i.  e.,  deformations  could 
occur  with  a  decrease  in  applied  load.  It  was  also  found  that  the  load 
carrying  capacity  of  cylinders  was  extremely  sensitive  to  initial  imper¬ 
fections  of  the  order  of  a  fraction  of  the  wall  thickness,  which  fact  has 
since  found  acceptance  as  an  explanation  of  the  discrepancy  between  theory 
and  experiment.  More  recently,  additional  factors,  such  as  nonuntformlty 
of  loadinp,  around  the  shell  circumference  (Reference  5),  and  nuclei  of 
plastic  utrain  (Reference  6),  ^  ve  been  suggested  to  explain  the  large 
amount  of  scatter  in  test  results.  The  original  purpose  of  the  test  pro¬ 
gram  was  to  Investigate  the  load  carrying  capacity  of  conical  ahells  alone. 
Since  the  scatter  of  the  axial  compression  results  of  otlisr  investigations 
was  so  Isrge  for  cylinders,  however,  it  wae  decided  that  a  pilot  program 
of  cylinder  tests  would  be  necessary  to  yield  comparable  data  ae  a  check 
on  the  rone  result#  and  se  a  baeit  for  obtaining  a  design  criterion  for 
conical  shells  postulated  on  the  existence  of  an  equivalent  cylinder.  The 
cylinder  investigation  soon  outgrew  the  pilot  program  atage,  however,  as 
many  (actora  not  mentioned  before  in  the  literature  intruded  and  demanded 
study.  The  nut  results  of  these  studlaq  which  attempt  to  bring  s^me  order 
to  the  study  of  cylindrical  shells  In  compression,  also  manags  to 
Inlect  more  unknown  factors  into  the  problem. 


Ter  a  much  mdre  coinprebeBslve  survey  see  the  review  paper  "instability 
of  Thin  Clastic  Shells,  "  by  Y.  C.  Fung  and  C.  hk  Secbler  In  ttrm;tvra! 
Meoknalcs  (Pergamon  Press,  I960). 
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The  controversy  surrounding  the  design  of  cylindrical  shells  has  not 
yet  been  fully  extendeii  to  conical  shells,  since  serious  study  of  ''hese 
structures  began  only  a  few  years  ago.  In  the  present  report,  the  results 
of  the  axial  compression  test  program  carried  out  for  conical  shells  of 
various  geometries  are  given  and  recommendations  nvade  for  their  design. 
It  is  obvious  that,  as  the  number  of  conical  shell  tests  grows,  the  contro¬ 
versial  aspects  of  design  may  exceed  those  associated  with  cylinders,  if 
only  because  the  conical  shape  permits  another  degree  of  freedom  to  the 
variables  to  be  considered. 

A.  Test  Technique 

The  Mylar  coaes  and  cylinders  were  assembled  In  the  clamping 
fixtures  with  the  bottom  clsinp  resting  on  the  base  of  the  loading  device. 

A  circular  plate  with  a  hole  in  its  center  was  than  centrally  placed  on  the 
cone  with  a  steel  ball  resting  in  the  hole.  The  load  cell  attached  to  die 
loading  screw  was  then  placed  on  top  of  the  steal  ball  and  the  cone  shifted 
until  the  load  cell  was  vertical.  The  assamblad  specimen  was  then  loaded 
ir.  axial  compression  by  turning  the  load  screw  at  a  relatively  constant  rate. 
The  load  was  Increased  until  failure  occurred.  Failure  of  the  specimen 
wee  usually  quite  audden,  with  diamond  shape  buckles  snapping  into 
position. 

On  some  teate  s  email  dimple  appeared  next  to  the  aeam  and 
grew  as  the  load  wae  increased  until  the  cesre  collapsed  at  a  very  lorw  load. 
The  addition  of  scotch  tape  to  the  team  or  an  increaee  in  the  eeam  width 
eliminated  thie  type  of  failure  and  consequantly  increaaad  the  buckling 
load.  After  eech  failure  the  buckle  dimensiane.  buckling  load,  and  the 
extent  of  the  bucklee  around  tho  circumference  of  the  cone  were  recorded. 
The  Mylar  speclmera  have  the  eMlity  to  recover  completely  after  being 
buckled,  preeumably  because  the  cone  remalr.*  elastic  in  ths  post-buckling 
state.  Therefore  it  was  posaible  to  perform  several  teats  on  one  cone. 

The  first  axial  compression  tsst  an  every  cone  was  does  with 
the  steel  ball  and  loading  plate  cectTaily  located.  At  buckling,  the  location 
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of  the  first  buckle,  was  recorded.  Jr  the  secoTid  compression  test  of  the 
cone,  the  loading  plate  and  steel  ball  was  moved,  or  a  line  with  the  center 
of  the  cone,  awavifom  where  the  first  buckle  appeared.  This  procedure 
was  continued  until  a  maximum  compressive  load  was  obtained.  It  was 
lelt  that  this  procedure  eliminated  most  ot  the  effects  of  eccentricity  of 
loading, 

Steel  specimens  were  fixed  in  the  Cerromatrix  upper  and  lower 
clamps  and  then  placed  in  the  Baldwin  Universal  Testing  Machine.  A 
swivel  top  plate  was  placed  in  the  Baldwin  Test  machine  so  the  top  clamp¬ 
ing  plate  and  the  loading  plate  could  align  themselves.  A  compressive 
load  was  then  exerted  or  the  specimen  until  buckling  occurred.  Failure 
was  usually  quite  sudden,  v  dia  ■lor.d  shape  buckles  snapping  into  posi- 
tior.  Premature  dimpling  due  to  imperfect  seams  was  eliminated  by  the 
addition  of  a  1-1 /2-inch  shim  strap  attached  with  an  .'poxy  cement  along 
the  seem  .4fter  failure,  the  buckling  load  and  buckle  sizes  were 
recorded.  When  the  load  was  released,  the  buckles  disappeared  from” 
the  steel  specimens  with  large  Rjt  values.  These  specimens  were 
examined  closely  and  ro  evidence  of  plastic  deformation  was  noticed. 

When  the  specimens  were  retested,  however,  the  second  buckling  load 
was  always  much  lower  than  the  first.  A  qualitative  explaistion  of  this 
phenomena  is  given  in  Reference  6,  During  the  initial  compression  test 
on  the  shell,  failure  occurred  at  some  stress  level  and  was  initiated  at 
that  stress  level  by  some  initial  imperfection  of  the  shell.  The  failure 
took  the  form  of  a  diamond  shaped  buckle  pattern  around  the  circumfer¬ 
ence  of  the  shell.  The  shell  supported  a  load  after  failure,  and  this  load 
was  carried  in  the  crests  of  the  buckles  with  the  points  of  highest  stress 
occurring  at  the  junction  of  adjacent  buckles.  At  these  points  the  stress 
was  above  the  yield  stress,  and  microscopic  plastic  deformations 
occurred.  Evidently  these  microscopic  plastic  deformations  have  agraater 
effect  than  the  initial  imperfections  that  were  built  into  the  shell  since,  in 
the  next  test,  failure  was  initiated  at  these  points  of  highest  stress 
concentration  at  a  lower  stress  level,  with  the  points  of  maximum  dezl  .c- 
tion  of  the  new  diamond  pattern  at  the  same  location  as  the  nodi:  points  of 
the  first. 
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Figure  11  shows  the  buckle  pattern  cf  the  second  test  for  a  Mylar 
cone.  The  dots  at  the  center  of  the  diamonds  mark  the  location  of  previous 
node  points.  The  new  node  points  are  marked  with  an  "X-"  It  can  be  seen 
that  the  node  pointe  of  the  first  test  coincide  with  the  centers  of  the  new  set 
of  buckles.  This  behavior  occurs  in  metal  specimens  as  well  as  Mylar 
specimens.  For  Mylar,  however,  the  degree  of  plastic  defornnation  is 
leas  than  for  metals  and  the  buckling  load  is  not  affected. 

B.  Results  for  Cylinders 

The  experimental  data  obtained  during  the  course  of  the  present 
program  are  listed  in  pari  (a)  of  Table  3  and  in  Table  4.  These  data  have 
been  collected  from  the  results  for  axial  compression  alone  ^nd  from  the 
endpoints  obtained  in  the  investigations  of  axial  compression  combined 
with  mternal  preseure,  external  pressure,  or  bending.  They  are  therefore 
associated  with  a  multiplicity  of  loading  devices,  end  fixtu'ea,  and  testing 
techniques.  The  results  are  plotted  in  Figure  12  (the  circles)  in  the  form 
of  values  of  the  buckling  coefficient  P/2vEt^  or  C  as  a  function  of  radlus' 
thickness  i  atio  R/t.  The  buckling  coefficient  is  another  form,  suitable 
primarily  for  conical  shells,  of  the  more  usual  ’^cv/E  t/r  which  is  baasd 
on  theorstical  considerations  (sss  Rsfsrsnce  7).  Tbs  length-radius  ratio 
L/R  in  most  of  the  teste  was  either  1  or  2.  There  is  ins’tff iv-isat  diffsr- 
sacs  bstween  the  test  results  for  each  value  of  l/R  to  warrant  eeparata 
plote. 

The  reeulte  indicate  a  trend  similar  to  that  obtained  by  other  la  vsstl- 
getors,  in  that  the  buckling  coefficient  appears  to  vary  with  radlus-thicknsas 
ratio.  A  study  of  the  daU  in  the  literature  (References  I  to  23)  Indicated 
most  of  the  experimental  results  fell  within  or  near  the  scattsrhar.d  obtained 
in  the  present  urogram  and,  henc'-,  that  a  discrunlnatlag  choice  of  data 
might  permit  some  conclusions  to  be  drawn  for  desl^B  purpoeee.  The  choice 
of  data  was  guidod  by  several  coneideratlons.  First  of  Umss  was  the  conclu- 
eion  that  the  effect  of  length  could  not  he  readily  discerned  If  the  length- radluw 
ratio  was  within  the  range  from  0.5  to  approximately  5,  for  'rklchmes;  of  the 
data  applies.  A  length  effect  exist ■  for  cylinders  with  values  L/R  lees  than 
0.5,  hut  there  is  inrufflclent  data  to  finally  eati^lah  design  values.  Fct  values 
cf  L/R  greater  than  5  the  few  data  pointe  evaUahle  Indicate  that  there 
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b«  a  length  effect,  but  again  there  ia  insufficient  data  to  establish 
any  trends.  Investigations  yielding  buckling  coefficients  consistently  lower 
than  the  present  results  were  omitted  entirely,  on  the  premise  that  fabri¬ 
cation  methods  and  testing  technique  were  significantly  inferior.  Those 
test  results  in  which  the  critical  stress  was  greater  than  about  70  percent 
of  the  yield  stress  were  likewise  omitted.  The  resulting  data  are  also 
plotted  in  Figure  12. 

The  entire  group  of  data  is  reasonaby  consistent,  deepite  the 
large  amount  of  scatter.  The  relation  suggested  by  Kanemitsu  and  Nojima 
for  long  cylinders  {)_  ^ 

C  -  9  (^)  ’  {^) 

can  be  seen  to  be  a  good  lower  bound  to  the  data  for  the  range  R/t  greater 
than  500.  For  lower  values  of  R/t  the  equation  becomes  increasingly 
unconeervative.  An  alternate  relation  that  appears  to  give  a  good  lower 
bound  over  the  entire  range  of  R/t  tested  Is  also  shown  and  is  represented 
by  the  cciiation 


I  -n 

C  »  0. 606  -  0.  546  \1  -  e  V  I  (4) 

A  representation  of  this  form  is  later  shown  to  yield  a  good  lower  bound 
to  the  vlnta  obtained  for  bending  as  well. 

The  data  obtained  thus  far  Indicates  that  the  radlvts-thlckaese 
ratio  is  significant  parameter  indicative  of  the  trend  of  the  resalta.  The 
scatter  associated  with  any  particular  value  of  radtus-thlckaese  ratio  ahows, 
however,  tha*.  tfie  radlua -thlrknr ss  ratio  repreaantatlon  dlsgnisss  Inipor* 
tar4  factors.  It  has  been  suggestod  that  the  scatter  can  be  sotplaiaad  by 
asaundng  dUfereat  magaitisdes  of  isdtial  imperfectlona  for  various  specl- 
ments.  This  explanatiew  serves  for  the  scatter  obtained  In  the  preeent 
program  for  oatensibiy  identical  specimena  made  by  a  single  la^*-^dual 
and  teated  under  similar  coedltlans,  since  the  Initial  Imperfections  would 

j 

i 

I 

1 
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'js  expected  to  occur  with  some  statistical  disU ibution.  However,  obser- 
vation:^  made  in  the  course  of  testing  indicate  thrt  the  statistical  sample 
can  be  biased. 

It  was  observed,  for  instance,  that  many  of  the  lower  points  of 
the  scatterband  are  associated  with  earlier  phases  of  the  test  program 
and  that  test  results  obtained  it  a  considerably  later  date  would  yield  a 
higher  mean  level.  Thus  the  eitperience  and  competence  of  the  fabricator 
and  experimentalist  should  be  taken  into  consideration.  Another  factor 
which  evidently  influencer  the  results  is  the  wall  stiffness  or  sise  of  the 
specimen,  in  that  specimens  attempted  with  Mylar  gages  of  O.CSl  inch  and 
0.002  inch  were  exceedingly  hard  to  handle  without  introducing  wrinkles.  i 

Additional  factors  were  observed  as  well.  Iiv  many  ui  the  tests  of  the 
present  pm^^ram,  the  potting  material  used  was  the  low  melting  point 
alloy,  Cerrobend,  in  others,  Cerrolow  was  urei.  The  main  difference 
between  these  alloys  is  their  thermal  expansion  characteristics.  Cerro> 
bend  expa.^de  while  cooling,  whereas  Cerrolow  contracts  a  much  smaller 
amount  uhU  •  coolmg.  It  was  found  that  those  tests  conducted  with  Cerro¬ 
low  gave  reeulte  that  were  consietently  higher  than  those  obtained  with 
Cerrobend  (see  also  Section  VI).  One  would  assume,  then,  that  the  bulg¬ 
ing  of  tho  ends  of  the  cylinder  walls  is  an  important  paramute-  Finally 
it  was  also  observed,  both  in  the  present  tests  and  from  a  study  of  the 
data  in  the  literature,  that  rosults  obtained  when  the  nominal  stress  level 
was  on  the  order  of  70  percent  of  the  yield  stress  or  greatsi  yields  ..  coti 
sistently  los^  buckling  coefficients.  This  effect  esn  alto  be  traced  to  end 
conditions,  since  it  can  be  sho\/n  that  yielding  of  the  reetraiaed  ends  due 
to  bending  would  start  at  about  Inis  level.  (Soe  Section  VI  fer  additional 
discuseioi,.)  With  a'l  of  theac  factors  irJluenclnf  ths  results,  it  la 
interesting  to  note,  however,  that  the  lower  bound  ot  the  various  test 
results  is  reasonably  conaistsnt.  Indicating  tlut  thers  is  a  practical  lower 
limit  to  the  combined  effects  of  all  of  the  parameter]  Influencing  the r<  cults- 


J 
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There  remain  several  areas  of  importance  to  the  designer  that  are 
yet  to  be  explored  in  great  detail.  The  effect  of  length  given  by  ihe 
Kanemltsu-Nojlma  formula 

C  =  9  {^)  +0.16  (5) 

is  based  on  insufficient  test  data.  There  are  indications  that  the  length 
effect  may  not  die  out  so  rapidly  as  the  formula  supposss.  Certainly, 
with  long  specimens  it  would  be  expected  that  the  probability  of  initial 
imperfections  would  be  larger  than  for  short  specimens.  Another  phenom¬ 
enon  open  to  invostigcHon  is  the  fact  that  results  'r.  the  low  range  of  radius- 
thickness  ratios  are  undoubtedly  a  function  of  the  particular  material  used, 
since  plasticity  effects  become  of  importance  there. 

e 

C.  Resultf  for  Conical  Shells 

The  theoretical  analysis  of  Reference  24  yields  the  cTltical 
axial  load  coefficient  for  conical  shells  as  s  modified  form  of  the  result 
for  cylinders,  namely 


c  - - r-'-T-  *  ^ 

2»Kt  cos  o  Vj(i  .  y 

It  wss  also  euggestsd  in  Reference  24  that  the  buchllng  load  coefflcteat 
C  for  conical  sheila  might  be  stmilsr  to  that  for  an  squivalent  cylinder 
having  the  same  wall  cblcknees,  a  length  equal  to  tha  slaat  length  uf  the 
cone,  and  a  radius  equal  to  the  average  radius  of  curvature  of  the  cone, 
The  apecimn.-is  were  designed  to  investigate  this  hypothesis. 

The  results  of  the  vartou;  taste  are  given  in  Tables  3  and  4  in 
2  2 

the  form  of  values  of  P/2«Et  cos  o.  In  several  preliminary  axalysss 


*Par*.  of  the  experimental  reaults  of  this  sscUoa  s^s  prssonied  in  the  paper 
'Buckling  of  Conical  thoile  Undor  Axial  Comprosslon*  by  Sol  ix:twak 
(kl.S.  Tkes:^,  UCLA,  May  IHO). 
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of  the  data  (Reference*  25  and  26)  attempt*  ware  made  to  verify  the  above 
hypotheaia,  with  inconclueive  resulta.  The  data  for  conea  appealed  to  be 
conaiatently  higher  than  thoae  for  cylindera.  It  haa  aince  been  determined 
that  if  the  equivalent  cylinder  ia  aaaumed  to  have  a  radiua  equal  to  the 
atnall  radiua  of  curvature  of  the  cone,  much  better  agreement  ia  obtained. 
Thia  conclualon  waa  reached  by  a  compariaon  of  the  reaulta  for  botn  the 
conea  and  the  cylindera  erlth  reaulta  predicted  by  the  Kanemitau-Nojima 
equation  for  C  ,  Equation  (5).  A  compariaon  of  the  valuea  of  C/C  for 
cylindera  and  conea,  given  In  the  laat  column  of  Tablea  3  and  4,  indicatea  - 
that  the  acatterband  for  both  ia  aimilar.  The  enperlmental  valuea  for 
conea  are  compared  with  the  lower  bound  curve  for  cylindera  io  Figure  13, 
where  it  can  be  aeen  t  at  the  agreement  la  fair.  It  ahould  be  noted  that 
many  of  the  high  polnta  correapond  to  conea  having  length  amall  radiua  of 
curvature  ratioa  leaa  than  O.S. 

It  ia  aurprlatng  that  the  amall  radiua  of  curvature  ahould  bo 
atgniflcant,  rather  than  the  average  radiua  of  curvature,  aince  buckle 
petterna  ofconlcal  ahella  (aoe  Figure  14)  ahow  that  bucldea  do  not  particu* 
larly  predominate  near  the  top  of  the  apeclmen.  The  anawer  to  thia  prob* 
lem  may  lie  io  an  examinutioa  of  the  large  deflecUooa  of  conical  ahella, 
which  la  unavailable  at  praaent.  The  findinga  of  the  pieaent  -wpet 
contradidt  thoae  to  Reference  27,  where  the  larae  rai' iua  el  curve* 
ture  wae  recommended  for  the  equivalent  cylinder.  Howevnr,  the  edge 
condltlona  of  the  teato  reported  therein  were  euch  ae  to  render  the  real  Ita 
invalid  for  coalcal  ahella  ettachad  to  end  piatee  or  etlffenod  by  ead  rtag*. 

Some  arena  for  future  atudy  caa  be  ouggeeted.  K  ia  llha!/  that 
the  ecquialtion  of  more  daU  will  auggeot  betOar  paraanotara  than  i  ^  ^ 
and  pj/t  and  will  point  up  poeaible  dtflereaoaa  ia.the  buakliag  of  conea 
and  cylindsra.  R  would  ba  of  taderoat  in  future  rapurUnenlal  inveettgationa 
to  keep  the  enanil  radiue  of  the  oua*  taed  and  vary  lha  large  radiua  rather 
than  vice  varan,  aa  U  the  preeead  pdpnr.  Large  dalloadlan  analyuae  are 
alao  daairahla.  A  clua  to  tho  defarmaelun  poMerae  af  eenlcal  ahalla 
prohably  can  be  ebtatMd  fruna  a  atud/  of  the  de>wlagabla  aurfacea  that 
can  be  derived  from  cenlaal  ebapaa. 


I 
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Table  3.  Experimental  Data  for  Mylar  Cone  a  and 
Cylinders  Under  Axial  Compreasion 


I'-V 


Lf*  • 
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Table  3.  Continued 


4 


\ 
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Table  3.  Coiituiued 


E  X  10‘ 
(p«i> 


P/2»Et 


2  2^ 
coe  d- 


(b)  a  ^  10® 


0.0100 

O.OIM 

;>.otoo 

0.0100 

0.0100 

0.0100 

0.0100 

0.0100 

O.OON 

o.otto 


0.0000 

0.0000 


0.0100 

690 

i  402 

1.629 

0.304 

1.167  1 

0.0100 

690 

j  402 

1.629 

0.309 

(.186  ) 

0.0100 

697 

!  278 

4.665 

0.260 

0.834  j 

0.0100 

690 

1  270 

4.6b5 

C.242 

0.777  , 

0.0100 

690 

278 

4.665 

0.284 

0.912; 

1  O.O.'OO 

690 

'  278 

4.665 

0.287 

0.921 

j  0.0050 

750 

j  556 

4.665 

0.J33 

1.616 

1  0.0050 

750 

'  556 

4.665 

0.324 

1.572 

0.0050 

750 

{  556 

4.665 

0.315 

1 .528 ; 

0.0050 

750 

1  556 

4.665 

0.341 

1 .654  I 

0.0050 

750 

1  556 

4.645 

0.328 

1.591  1 

0.0050 

750 

1  508 

5.685 

0.328 

1.513 

0.0050 

750 

;  508 

5.685 

0.336 

1.550 

0.0030 

775 

:  1335 

1.633 

0.252 

1.943 

;  0.0030 

775 

1  1335 

1.633 

0.238 

1.835 

i  0.0030 

775 

925 

5.194 

0.198 

1.304 

0.0030 

775 

1  925 

5.194 

0.224 

1.475 

0.0039 

775 

925 

4.665 

0.258 

1.495 

0.0030 

775 

925 

4.665 

0.230 

1.511 

(c)  o  ■ 

20® 

690 

268 

2.79 

0.344 

490 

268 

2.75 

0.332 

690 

268 

2.73 

0.326 

690 

268 

2.73 

0.316  1 

m 

268 

2.73 

0J94 

m 

160 

4.40 

0.ST9  I 

490 

160 

6.40 

C.352 

690 

160 

6.40 

0.918 

750 

534 

2.73 

0.912 

750 

536 

2.73 

0.944 

TfO 

.14 

2.73 

0.971 

7M 

534 

2.73 

0.911 

719 

534 

2.71 

0.293 

780 

386 

6.40 

0.337 

3.047 

1.030 

1.011 

0.000 

0.012 

0.040 

o.su 

0.7T4 

i.OSI 

1.711 

1.734 

1.414 

1.302 

1.IS2 
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Table  3.  Continued 


— 

t 

(In.) 

-3 

E  X  10 
(p»i) 

— 

P/2»Et'‘coo^ 

1 

♦  1 

C/C 

(C)  Q  = 

20° 

0.0050 

750 

320 

6.40 

0.350 

1.228 

0.0050 

750 

320 

6.40 

0.386 

1.354  < 

0.0030 

775 

1427 

\/*uo 

^  C 

2.3t>8 

0.0030 

775 

1427 

0.68 

0.320 

2.205 

0.0030 

775 

893 

2.73 

0.290 

1.831 

0.0030 

775 

893 

2.73 

0.257 

i.&23 

0.0020 

740 

1340 

2.73 

0  248 

1.989 

0.0020 

740 

1340 

2.73 

0.237 

1.901 

0.0020 

740 

800 

6.40 

0.293 

1.776 

0.0020 

740 

800 

6.40 

0.292 

1.770 

(d)  a  - 

o 

o 

0.0100 

690 

0.56 1 

0.330 

1.180 

o.otoo 

690 

381 

1.294 

0.307 

1.121 

0.0101 

650 

287 

1.731 

0.408 

1.291 

0.0100 

690 

233 

2.571 

0.326 

0.929 

0.0100 

690 

233 

2.571 

0.351 

1.000 

o.otoo 

690 

233 

2.571 

0.348 

0.992 

0.0100 

690 

173 

3.948 

0.320 

0.772 

O.OOAl 

682 

357 

1.737 

0.284 

1.021 

0.0082 

650 

282 

2.589 

0.291 

0.928 

0.0079 

725 

219 

4.052 

0.329 

0.914 

0.0083 

764 

209 

4.052 

0.242 

0.653 

0.0050 

750 

927 

0.563 

0.265 

1.375 

0.0050 

750 

561 

1.754 

0.432 

2.025 

0.0090 

750 

465 

2.571 

0.322 

1.380 

1  0  0050 

750 

465 

2.571 

0.280 

1 .200 

0.0050 

750 

465 

2.571 

0.270 

1.157 

0.0050 

750 

345 

3.948 

0.350 

1.273 

0.0030 

775 

1547 

0.563 

0.264 

1.795 

0.0038 

775 

1547 

0.563 

0J142 

1.645 

0.0090 

775 

1547 

0.563 

0.347 

2.359 

0.0030 

775 

1547 

0.563 

0.336 

2.284 

0.0030 

775 

1547 

0.563 

0.346 

2.352 

1  0.0030 

775 

1547 

0.563 

0.2  31 

1.618 
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Table  3.  Concluded 


t 

{In. ) 

E  X  10"^ 
(pai) 

"‘A 

- ■ — T 

''^1  1 

1 

P/2itEt^cot^ 

C/C*i 

( j)  a  = 

45° 

!  0.0030  i 

ns 

348 

5.757 

0.236 

0.8581 

3.0030 

ns 

348 

5.757 

0.215 

0.792; 

0.CC30 

ns 

348 

5.757 

0.260 

0.957: 

0.0030  ! 

775 

348  ' 

5.757 

0.295 

1.086  i 

0.0C30  1 

ns 

348  ; 

5.757  ; 

0.266 

0.979} 

0.0030 

775 

348 

5.757 

0.266 

0.979' 

0.0030  : 

ns 

348  : 

5.757 

0.292 

!.075| 

0.0020  ! 

74C 

1702 

1.767 

0.226 

2.U20 

0.0020 

740 

17.02 

1.767 

0.220 

1.967 

... 

P 

II 

60° 

'  0  c;00 

b90 

500 

0.57 

0.393 

1.4a 

0  niOO 

6V0 

300 

1.34 

0.375 

1.196 

'  0.0100 

690 

200 

2.31 

0.377 

0.977 

0.0100 

690 

200 

2.31 

0.405 

l.OSO 

,  0.0100 

690 

200 

2.31 

0.395 

1.024 

0.0075 

770 

1067 

0.15 

0.476 

1.292 

:  0.0075 

770 

1067 

0.15 

0.475 

1.2M 

0.0075 

770 

267 

2.31 

0.391 

1.203 

0.0075 

770 

267 

2.31 

0.360 

1.107 

i  0.0050 

750 

1000 

0.57 

0.302 

1.637 

1  Q.OOfO 

750 

loor. 

0.57 

0.293 

1.5U 

1  0.0050 

750 

1000 

0.57 

0.445 

2.412 

0.0050 

750 

1000 

0.57 

0.413 

2.239 

O.OOSO 

750 

600 

1.34 

0.417 

1.987 

0.0050 

750 

600 

1.34 

0.399 

1.901 

0.0050 

750 

600 

1.34 

U.329 

1.567 

0.0050 

750 

600 

1.34 

0.329 

1.567 

0.0050 

750 

600 

1.34 

0.381 

1.816 

O.OOSC 

750 

400 

2.31 

0.406 

l.fU 

O.OOM 

750 

400 

2.31 

0.406 

1.9I9 

O.OOM 

750 

400 

2,31 

0.331 

1.300 

O.OMf 

750  - 

400 

2.31 

0.3a 

1.415 

O.OOfO 

■»5C 

400 

2.31 

0.328 

1.241 

0.0030 

775 

667 

2.31 

0.410 

2.163 
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Table  4.  Concluded 


t 

(la.) 

E  X  10^ 

(pal) 

L 

% 

P/2»Et^coe^ 

C/C 

(b)  Q  = 

3D“ 

0.010 

465 

2.571 

0.438 

O.OIC 

465 

2.571 

0.410 

0.010^ 

30.3 

465 

2.57r 

0.244 

1.046 

0.020 

30.3 

233 

2.571 

0.245 

0.698 

O.D2C^ 

30.3 

233 

2.571 

0.267 

0.760 

0.020*^ 

30.3 

233 

2.571 

0.214 

0.6C9 

0.020^ 

30.3 

233 

2.571 

0.267 

0  76t 

(c)  a  = 

60" 

0.010 

30.3 

0.251 

1.361 

0:010 

30;3 

600 

1.34 

0;370 

i;763 

0.010 

30.3 

600 

1.34 

0.293 

1.396 

0.010 

30.3 

6(3 

1.34 

0.301 

1.434 

0.010 

0.010* 

30.3 

400 

2.31 

0.310 

1.210 

I'i.i 

400 

. 

2.31 

0.221 

0.863 

(d)  0  . 

75® 

0.010 

30.3 

750 

1.08 

0.a43 

1.290 

0.010 

30.3 

758 

1.08 

0.337 

1.790 

0.010 

30.3 

758 

1.08 

0.326 

1.732 

0.020 

3C.3 

570 

0.635 

0.288 

1.189 

0.020 

10.3 

IMO 

1.08 

0.M6 

_ 

2. 138 

a4^cMit  t«  (a^«m  vt  r*liifer«*4). 

■*<>  toe  rlwylna  plate  ir^41e*U‘f.«  r^eM 
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Figurs  1 1.  rUoatratloo  oi  SKlft  oi  BscU^  P»tt*ni 
for  Rote«t*d  Mylar  CyllaBar. 

(Dot*  abew  location  of  buekla  conaara 
In  pravlout  taat) 
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Mylar 

^  0.« 

*'2 


Mylar 
>  0.59 


Figura  14.  ExpariaMa4«t  BccU*  PataarM  far  Cyllndare  aad  Comb 
In  Axial  Caan^raBaiM 
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Mylar  Mylar 


Flgura  14.  Coattauad 
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VI.  PRESSURIZED  CYLINDERS  UNDER  AXIAL  COMPRESSION 

Incveased  empliaBin  has  recently  been  placed  upon  the  internally 
pressurised  monocoque  cylinder  as  an  efficient  load  carrying  structure 
for  missile  applications.  As  a  result,  several  experimental  investigations 
have  been  reported  in  the  literature  (References  5,  b,  19,  20  and  21), 
Practically  all  the  results  obtained  to  date  seem  Inconsistent  with  current 
explanations  of  cylinder  behavior.  With  the  exception  of  the  study  of 
Reference  5,  even  large  amounts  of  internal  pressure  did  not  stabilise 
the  teat  cylinders  to  the  extent  that  the  theoretical  small-deflsctioo  buckling 
stress  was  achieved.  Although  the  discrepancy  between  theory  and  experi¬ 
ment  is  usually  attributed  to  geometric  imperfections  and  associcited  stress 
concentrations,  large  values  of  internal  pressure  should  remove  these 
initial  imperfections  and  provide  cylinders  which  are  substantially  perfscL 
In  most  cases  it  is  suspected  that  the  plastic  yielding  of  the  material, 
whether  due  to  high  buckling  stresses  or  excessive  Initial  damage,  is  the 
cause  of  ihe  current  confusion  of  the  results. 

In  order  to  provide  teat  data  on  pressurised  unstiffeaed  cylir.dars 
which  would  be  lees  sensitive  to  plasticity  affects,  tests  orere  made  on 
i-inck  diamebor  and  b-iach  length  cylinders  constructed  of  ><*ylar.  The 
results  of  tUs  investlgetion  srs  reported  herein. 


stus  and  Procedure 


The  setagi  for  the  compression  tests  Is  ehesm  la  lha  phetegrsph 
of  Figure  15.  The  test  spectmsn  essenMy  is  Illustrated  In  Figure  16. 

To  meintala  concentricity  of  the  cylinders  during  casting,  the  grooves 
the  end  cepe  were  stepped  to  provide  a  iecnthag  dliMoter.  Tha  allga- 
meat  of  the  tve  caps  during  aesnnbly  was  prmdded  hy  the  <«alsr  poet 
and  hall  boshing  aeasanbly.  The  tolerance  hetw^  *a  neet  and  hwahlag  was 
tdjetiad  to  altaninati  frictlen  and  to  permit  freednsn  of  r  start  on  dnrli^  the 
tests. 
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It  was  ceccssary  to  coimterbaiasce  the  top  cap  weight,  and  very 
care&il  specunen  installation  was  reqaired  to  avohl  initial  wrinkling  of  the 
2-and  3-mil  cylinders.  The  center  post  of  the  top  cap  also  provided  a 
monnting  tor  a  differential  transformer.  This  displacement  transdaeer 
permitted  measorement  of  the  relative  movement  between  the  caps  alrag 
4ie  axis  of  the  cylinder.  Pressnri ration  of  die  cylinders  was  accomyiisbed 
with  compressed  air  through  ports  in  the  bottom  cap.  An  accnmnl u.tor  in 
series  with  the  specimen  increased  the  control  volnme  and  assisted  in 
stabiliadng  air  pressorc.  The  compressive  load  was  applied  with  a 
motorised  screw  mechanism  in  series  with  a  filatham  load  cell,  a  ball 
bearing,  and  a  cover  as  illnstrated  in  Figure  16.  Tbs  floatiag  cove  ? 

provided  ciearau=e  for  the  transducer  leads  and  climiaated  deflections 
of  flw  top  cap  from  die  transducer's  measurements .  ThroughDut  the  test¬ 
ing.  the  *"*»*•»«* provided  a  eniferm  atrsin  rate  of  approvimstol  y 

0. 4  percent/min.  l4»ad  and  delormatiim  were  recorded  simulataneonsly 
with  a  Mosley  X-Y  recorder.  The  internal  pressure  was  measured  by 
manom  e^jars . 

For  fixed  pressure,  the  ssial  load  was  g7*adnally  increased 

until  sn^  budding  occurred  or  until  an  ultimate  load  vms  reached..  Then 
the  load  was  decreased  until  the  buckles  disappeared.  Lotu^-deOectioaL 

were  recorded  conHimoualy  during  thu  loui;ii^  sad  guVssdi«<t 
process.  The  fetertuJ  pressure  was  An  hrsreusi^  a  gIveB  amouat  urd 
Ae  process  rapes  tad.  After  the  mswimum  pressure  was  reachud.  a 
reran  was  mads  at  sero  |wessare  to  determine  the  dugrue  of  deteriora¬ 
tion  of  the  test  madmen. 


B.  I  rfT-nd-gsflLectkm  Characteristics 


A  set  of  typical  load-ddlectioB  dUgraaai 
is  presented  la  Figure  17.  'Thu  occurrence  of  dim 
uunaiutekaUu.  uiuco  Any  gppouired  with  a  anuppteg 
this  phaaomenott  Is  illustrated  hy  the  sharpness  of 
As  aiac  of  the  aaloadiug  kyetereeis  loop.  For  tea 


fso. 


by  ckling  occurred  with  a  smaller  a  iii'* 
figure,  this  change  is  illustrated  •,  a  < 
reduction  in  the  3iao  of  the  hyst*  2  sis 
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'led  diamond  patto“.i.  in  the 
e  ill  tht  '<  •'  *(  t-  if,  a  d  a 


luOpi 


At  thehiaher  values  of  initial  circm  iferential  rlpplea  resembliag 

.  ■‘•A'. 

the  sinusoidal  waaes  assumed  in  t;;e  classical  sr.  , all-deflection  theory, 

appeared  prior  to  collapse.  The  ccurrcnce  of  th,  'i^|y  ripples  is  illustrated 
by  the  gradual  change  in  the  alop<-  of  the  load -defor ‘dya  .nation  wave. 

Generally,  these  rinf'C  aped def ormationt  .y?  appearednear  theeod 
caps.  For  the  thinner  cylinders  increased  compree,  *  live  load  caused  these 
waves  to  grow  and  to  propagate  .f  i>m  thcende,  until  thi  yertended  over  the 
entire  length  cf  the  cylinder.  Th  n  elongated  diamonds  <.  .  eveloped  in  the  waves 

near  the  ends  and  the  load  dropp  doff  gradually.  It  is  ini  i  cresting  to  no^^ 
this  behavior  is  in  qualitative  a  ;reementwith  the  predlci  “  ;  ions  of  thelargs- 
deflection  theory  of  Reference  3.  For  the  thicker  cylindt  J  however,  these 
waves  were  confined  to  the  reg  n  near  the  ends .  When  the  ^  Vo>  ompressi  ve  ?  oatl 
was  increased,  the  cendral  po*  on  of  thexylinders  remaine  ;■  l  undefoim  vd 
while  the  end  waves  grew  until «  ther  diamond-  shaped bueWi  .  v  «  dcveloi  *-!  c ' 
the  cylinder  ende  became  pUsf  c,  when  the  load  decreased  a  ©wly. 

Although  the  ehape  o  the  loading  portion  of  the  did  grams  did  nc* 
change,  the  onset  of  pUeticit^  wae  readUy  recognised.  In  ^  ditionto  a 
decrease  in  the  net  colUpee  I  ad,  the  unloading  portion  of  th^  ,  diagrame- 
ehanged.  k^ead  of  drcppii^  to  a  minimum  and  then  recova^  '  Ing  oligSdly 
ae  the  diamond- shaped  buck!  •  disappeared,  the  load  dropped  g  1  continuously. 
The  diagrams  for  hl|^  press  ires  in  Figure  17  iUostrate  this  i  ;rend.  The 
cylinder  appears  to  have  lor  its  ability  to  recover,  and.‘as  become? 


^  "  j:- 

.y 


more  plastic,  tMs  inabUity  1  acr eases. 

Msasured  load-end  shorteuing  curves  for  the  test  cylJ^  td«rs  are 
illustrated  u.  Figure  18.  T1  e  test  results  for  three  values  of  ft  ^ro  com- 
mired  wUk  the  theoretical  c  irvee  derived  by  Dow  and  Peterson  \  ft- 

- 


Best  Ava^ 


^  1-.' 

allab^s  Copy 

If 

i 
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(Reference  29)  for  finite  cylinders  with  axisymmetric  deformation.  As 
indicated  by  the  theory,  the  deviation  from  the  unit  slope  curve  of  unpres¬ 
surized,  unrestrained  cylinders  increases  with  decreasing  values  of  the 
curvature  paramete*  and  with  increasing  values  of  the  pr-t^ssure  parameter. 
For  the  higher  values  of  Z  (lower  values  of  thickness),  the  agreement 
between  theory  and  experiment  is  excellent,  even  at  high  values  of  p.  riut 
for  the  two  thicker  ion  from  the  unit  slope  is  even 

greater  tlian  predicted  by  theory.  This  deviation  of  the  experimental  load¬ 
shortening  curves  from  theory  is  apparently  associated  with  the  difference 
of  the  radial  deformation  pattern  previously  discussed. 

C.  Critical  Axial  Stress 

The  experimental  results  for  critical  axial  stress  as  a  function 
of  internal  i  ressure  for  the  five  skin  thicknesses  studies  are  giv^^n  in 
Table  5.  Material  properties  of  the  specimens  are  given  in  Table  5{a|. 

The  results  are  also  plotted  in  Figure  19  in  terms  of  the  two  dimension¬ 
less  pavametors  introduced  by  Lo,  Crate,  and  Schwartz  (Reference  19): 

0 Slid  p.  Solid  curves  representing  the  appro.ximate  lower  b-vund  of  the 
scattcvband  are  also  shown.  It  will  be  noticed  that  the  genera;  tronc".  of 
variation  of  with  pressure  is  as  predicted  in  Reference  19,  i.e,,  the 
tendency  is  foro'^j,  to  increase  with  increasing  p  and  to  re^.h  a  constant 
value  at  higher  valuer  of  p.  As  expected,  since  the  influence  of  initial 
imperfections  diminishes  with  increasing  pressure,  the  experimental 
scatter  is  largest  for  very  low  pressures.  This  scatter  appears  to  be 
dependevit  upon  the  end  conditions,  among  other  factors,  since  the  two 
casting  materials  used,  Cerrobend  and  Cerrolow,  gave  consistently 
different  results.  (See  Table  5(a)  for  material  used  for  each  specimen.) 
Generally,  higher  values  were  obtained  for  vailues  of  p  up  tc<  O.S 

when  Cerrolow  was  used.  This  tendency  is  illustrated  in  Figure  20  by  two 
series  of  tests  on  cylinders  clamped  in  Cerrobend  for  the  first  series  and 
in  Cerrolow  for  the  second  series.  The  difference  appears  to  result  from 
the  solidifying  characteristics  of  the  two  allows.  Upon  cooling,  Cerrolow 
contracts  slightly,  whereas  Cerrobend  expands  approximately  25  times 
this  amount  of  cortraction.  Thus  the  cylinders  installed  in  Cerrob;;nd  had 
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more  eccentricity  at  tl»e  ends  and,  consequently,  gave  lower  values  of 
CTcr  until  the  internal  pressure  could  overcome  the  influence  of  .ihesc 
intial  imperfections.  To  illustrate  the  generality  of  this  difference,  the 
unpressurized  results  for  both  clamped  conditions  are  compared  in 
Figure  21. 

For  comparison,  the  results  foi  the  various  values  of  R/t 
curves  representing  the  lower  envelope  of  scatter  of  versus  p  are 
shown  in  Figure  22.  It  appears  that' the  buckling  coefficients  are  a 
function  of  the  radius-thickness  ratio  .for  pressurized,  as  well  as  unpres¬ 
surized,  cylinders.  However,  in  accordance  with  theory,  the  buckling 
coefficients  converge  to  the  classic  value  of  regardless  of  the  values 
of  R/t,  in  contrast  to  tii'?  results  of  References  19,  20,  and  21. 


The  combined  effects  of  axial  load  and  Internal  pressure  were 
not  large  enough  for  yielding  to  occur  in  the  cylinders  cf  smaller  wall 
thicknesr.  but  the  influence  of  plasticity  was  felt  in  the  thicker  cylinders. 
Ir.  Figure  i9^b),  plasticity  near  the  end  caps  is  illustrated  by  the  drop-off 
of  for  high  values  of  p.  The  cut  off  line  illustrated  in  the  figure, 


cr 

cr 


0  7280- 


prop  limit 


1.174  p  , 


(7) 


was  derived  from  a  consideration  of  bending  stresses  at  the  ends  of  the 
cylinders  and  represents  the  combined  axial  stress  and  hoop  stress  which 
will  cause  the  outer  fibers  to  become  plastic,  based  on  a  von  Mises  yield 
condition.  The  proportional  limit  has  been  used,  rather  than  the  yield 
conditio;:.  The  proportional  limit  has  been  used,  rather  than  the  yield 
stress,  sine ell^j.  appears  to  drop  off  soon  after  the  maximum  stresses 
exceed  this  limit- 


D.  Comparison  With  Other  Experimental  Data 

The  data  from  the  current  tests  have  been  summarised  in 
Figure  22,  by  curves  representing  the  lower  envelope  of  the  experimental 
scatter.  These  curves  have  been  iTsed  for  comparison  with  the  results 
from  three  earlier  investigations.  The  data  compiled  by  Dow  and  Peterson 
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(Reference  5)  for  cylinders  of  7075-T6  aluminum  are  plotceu  inJTigure  23(a) 
and  23(b).  In  general,  the  results  for  these  ring- stiffened  cylinders  are  in 
good  agreement  with  those  for  Mylar  cylinders.  The  707  5-T6  aluminum  results 
inFigure  23(a)  are  somewhat  higher  since  the  length- radius  ratio  of  the 
metal  cylinders  was  0.25  as  compared  to  2  for  the  M>  .  r  cyllnuers  •  X 
range  of  pressures  covered  in  these  tests  ie  limited.  Tests  covering  a 
larger  range^ol  pressures  ase  reported  in  Referenci  The  results  of 
which  are  plotted  in  Figure  23(c).  The  cylinders  used  in  these  tests  were 
made  from  18-8  half-hard  stainless  steel  which  has  a  rather  rounded 
stress- strain  curve.  The  plasticity  cut  off  line  derived  from  the  propor¬ 
tional  limit  is  illustrated  in  the  figure.  As  in  the  case  of  Mylar,  the 
buckling  coefficients. drop  off  steadily  as  the  biaxial  state  of  stress  is 
increased  beyond  this  limit.  For  low  pressures,  however,  the  results 
ar<v.  in  fair  agreement  with  the  present  investigation.  A  high  strength 
stainless  steel,  17-7  PH,  was  used  in  the  investigation 'of  Srown  and  Rea 
(Reference  6).  The  results  of  these  tests  are  plotted  in  Figure  23(d).  At 
very  low  pressures,  the  influence  of  imperfections  is  evident,  but  as  the 
cylinder  becomes  stabiliaed  by  increased  pressure,  the  results  agree  with 
those  for  Mylar.  It  is  unfortunate  that  the  tests  were  not  extended  to  high 
values  of  p,  since  the  stresses  were  well  below  the  elastic  limit  of  the 
material. 

One  of  the  reasons  for  the  discrepancy  of  other  investigatiors 
thus  appears  to  be  the  onset  of  plasticity  resulting  from  clamped  end  bend¬ 
ing  moments.  The  specimens  used  for  the  study  of  Reference  5  differed 
from  those  of  other  investigations  and  of  the  present  investigation  in  that 
they  were  ring- stiffened  cylinders  consisting  of  a  test  section  and  a  buffer 
bay  on  either  side  Of  the  test  section.  The  rings  helped  to  alleviate  bend¬ 
ing  stresses  due  to.  end  restraint  and  prevent  premature  buckling  due  to 
plasticity.  In  References  5  and  30  Peterson  concluded  that  the  short  buffer 
bays  help  to  distribute  the  load  and  postpone  premattire  buckling  due  to 
irregular  stress  distributions  In  the  neighborhood  of  the  ends.  However, 
it'can  be  seen  from  the  comparisons  of  the  present  section  rnd  those  of 
Sections  IV  and  VII  that  tlie  results  of  References  5  and30  are  not  sensibly 
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different  from  tnose  obtained  from  specimens  without  buffer  bays. 

In  some  of  the  investigations,  the  buckling  coefficients  appeared 
to  drop  off  prior  to  the  predicted  occurrence  of  plasticity  (see  Figure  23(c) 
for  instance).  This  discrepancy  is  suspected  to  be  caused  by  plastic  yield¬ 
ing  of  the  material  as  the  result  of  damage  incurred  during  the  preceding 
tests,  or,  in  the  case  of  very  thin  specimens,  during  the  fabrication 
process. 

E.  Critical  End  Shortening 

Data  for  the  axial  deformation  or  end- shortening  at  which  buckl¬ 
ing  occurred  were  also  taken  from  the  load-deflection  diagrams.  These 
results  are  summarized  in  Table  6  and  are  plotted  in  Figure  24  in  terms 
of  nondimensional  parameters  similar  to  those  used  previously.  The 
magnitudes  of  the  deformation  represent  a  measure  of  the  axisymmetric 
radial  deformations  which  occur  prior  to  collapse,  since  the  difference 
between  the  total  end-shot'tening  and  the  compressive  strain  is  equal  to 
the  nonlinear  deformation  associated  with  the  rippling  which  occurs  at  high 
pressures.  It  waj  found  by  trial  and  error  that  plotting  the  stram  differ¬ 
ence  (6  -  “  )  as  a  function  of  p/E(R/t)^^^  (see  Figure  25)  eliminated 

c  r  c  r 

the  dependence  upon  radius-thickness  ratios-  It  would  be  inte’*e8ting  to 
know  if  theoretical  predictions  bear  any  resemblance  to  the  relation  defined 
by  this  method  of  plotting. 

F.  Minimum  Load 

in  addition  to  measurements  of  the  critical  load  and  end  deforms - 
tion,  minimum  load  data  were  taken  from  the  load-deflection  diagrame. 

The  minimum  load,  as  used  here,  refers  to  the  lowest  load  attaiikCd  in  the 
deformtid  equilibrium  condition  during  the  unloading  process.  The  rasulta 
for  minimum  load  as  a  function  of  internal  pressure  for  the  five  radius- 
thickness  ratios  are  eummarixed  in  Table  7  and  plotted  in  Figure  26.  The 
general  trend  of  the  variation  pressure  parameter  p  is  in 

accord  with  the  dashed  durve  representing  the  values  deri''sd  in  Refersnee 
28.  It  is  interesting  to  note,  however,  that  the  minimum  values  obtained 
here  are  less  than  thoje  predicted,  which  would  indicate  that 


/ 
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either  the  currently  ueed  large-deflectior.  theory  i<;  rot  accurate  enough 
for  such  large  atraina  or  the  current  ao-utiona  are  not  aufficientl/  accurate. 
As  predicted  by  the  theoretical  aolution  of  Reference  4,  for  initially  imper¬ 
fect  cylinder  a,  there  is  little  scatter  in  the  measured  values  of  the  mini¬ 
mum  stress  coefucient  which  is  independent  of  the  radius-thickness  ratio 
of  the  cylinders.  The  lower  bound  curve  for  is  included  in  Fiaure 

22.  It  ia  interesting  to  note  that  the  lower  envelope  of  the  buckling  coeffici¬ 
ent  curvaa  appear  to  approach  the  curve  for  a  .  as  a  limit,  astheradius- 

min 

thickness  ratio  increases. 


A.- 
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Table  5.  Continued 


Sp«cim«n  No.  50. 1 


p 

Motftl 

lb 

Per 

lb 

28.4 

28.4 

58.1 

36.3 

43,0 

30.4 

47.4 

42.9 

50.7 

43.4 

57.0 

47.0 

84.7 

50.2 

71.3 

33.1 

«4.1 

56.8 

OSJ 

59.5 

106.0 

61.5 

118.3 

63.0 

130.7 

67.1 

M.3 

P 

ua 

lb 


•  Imvft  No.  50.  i 


P 

In.  H^O 

*’lolaI 

lb 

P 

cr 

lb 

0 

c  r 

P 

0 

27.7 

27.7 

0,241 

t) 

1 

37.3 

35.5 

0.309 

0.032 

* 

44.1 

40.3 

0.352 

0.063 

3 

47.4 

42.0 

0.365 

0.095 

4 

50.0 

42.7 

0.375 

0.126 

b 

56.0 

45.1 

O.SM 

0.180 

8 

63.8 

40.3 

0.429 

0.252 

!!> 

60.6 

51.4 

0.446 

0.316 

15 

82.8 

55.5 

0.483 

0.473 

20 

95.7 

5^.4 

0.516 

0.631 

25 

tAJ.  • 

AA  y 

0  57,4 

0.780 

30 

117.6 

63.2 

0.550 

0.047 

40 

139.1 

66.5 

0.578 

1.262 

In.  Hg 

4 

167.5  - 

69.1 

0.601 

I.TII 

5 

103.2 

70.2 

o.6ir 

2.139 

6 

217.5 

70.0 

0.600 

2.566 

7 

240.8 

68.7 

0.508 

i.n* 

• 

267.1 

70.4 

0.611 

i.*U 

0 

2«l.} 

70.0 

0.600 

3.850 

0 

27,5 

27.5 

0.230 

0 

Sp*<lm«B  No.  50.4 


cr 

lb 

•cf 

r~r- 

1 

30.3 

9.26) 

0 

36,5 

0.314 

1  0.031 

4C.1 

0  346 

ft.Ot! 

44.3 

0.182 

0,094 

17.7 

0.411 

0,125 

52.5 

0.452 

o.ie* 

56.0 

0.402 

0.250 

57.2 

0.403 

0.313  1 

59.2 

0.510 

0.460 

61.8 

0.532 

0,625 

63.2 

0.541 

0.782 

65.4 

0J4J 

0.038 

66.9 

0.ST4 

I.0M 

72.6 

a.ste 

1.U1 

68.2 

0.500 

1.483 

if.S 

0.IM 

i.iti 

60.6 

0.600 

l.fOi 

4f.l 

0.60) 

2.118 

»«.« 

0.MI 

t.t4i 

70.7 

OJMt 

t.H« 

T0.t 

«.*«• 

4.M« 

TO.f 

9M1 

3.11} 

31.1 

e.iM 
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Table  5.  Continued 


Sj»#clm«n  No,  79 

4 

— 

So*4inien  No.  79. 

5 

lb 

lb 

».r 

9 

P 

In.  H^O 

lb 

lb 

V 

er 

p 

lit 

111 

0.570 

0 

0 

104 

104 

0.946 

0 

120 

116 

0.3S6 

0.024 

2 

113 

109 

C.563 

0.024 

Ml 

122 

0.406 

0.060 

S 

122 

113 

0.376 

0.060 

M7 

129 

0.430 

0.121 

10 

158 

120 

0.400 

o.ui 

162 

135 

0.450 

0.181 

15 

153 

126 

0.420 

0.181 

176 

140 

0.466 

0.241 

20 

168 

142 

0.440 

0.241 

202 

146 

0.495 

0.562 

30 

I9S 

141 

0.470 

0.362 

225 

152 

0.506 

0.482 

40 

220 

147 

0.490 

0.482 

In.  H| 

257 

159 

0.550 

0.654 

4 

254 

156 

0.520 

O.PM 

217 

164 

0.540- 

0.817 

5 

283 

160 

0.553 

0.817 

3M 

165 

0.550 

0.981 

6 

312 

164 

0.546 

0.981 

370 

171 

0.576 

1.508 

8 

567 

170 

0.566 

1.508 

U2 

176 

0.586 

1.655 

10 

420 

174 

0.580 

l.t>M 

474 

too 

0  400 

1.962 

12 

473 

178 

0.593 

1.962 

S26 

152 

0.606 

2.289 

14 

526 

182 

0.6C6 

2.289 

577 

163 

0.610 

2.614 

16 

575 

181 

i).605 

2.615 

623 

UO 

0.600 

2.943 

18 

617 

174 

0.380 

2.943 

663 

171 

0.570 

5.269 

0 

83 

89 

0.276 

0 

$6 

86 

0.286 

0 

No.  79. 

6 

Sptclnvin  No.  79 

7 

**ioul 

lb 

Per 

lb 

•« 

P 

P 

In.  H2O 

Ptdtal 

lb 

Per 

lb 

9 

nr 

P 

116 

116 

0.373 

0 

0 

no 

UO 

0.554 

0 

127 

125 

0.396 

0.023 

2 

121 

II' 

0.576 

0.025 

140 

Ml 

0.421 

0.058 

3 

134 

i25 

<*  402 

0.050 

157 

139 

0.447 

0.116 

10 

151 

in 

0.428 

0.116 

175 

146 

0.470 

0.175 

15 

168 

141 

0.454 

0.175 

188 

M2 

9.M9 

0.255 

20 

185 

149 

0.479 

0.251 

216 

162 

0.921 

0.359 

30 

211 

159 

0.509 

0.550 

259 

166 

0.44,P 

0.466 

40 

250 

161 

0.118 

9.44i  • 

In.  Hg 

267 

169 

0.5¥4 

0.652 

___ 

263 

168 

0.S9I 

0.452 

295 

170 

0.54T 

0.790 

289 

166 

0.834 

9.790 

321 

173 

0.556 

0.9<8 

317 

169 

0.544 

0.9a 

375 

178 

0.575 

:.26« 

mM 

371 

174 

0.860 

1.244 

429 

189 

0.589 

1.580 

10 

426 

UO 

O.ITt 

I.IM 

479 

184 

■  0.592 

1.895 

12 

480 

US 

0.561 

1.195 

550 

186 

0.598 

2.2U 

M 

III  ■  - 

187 

0,602 

1.211 

585 

itt 

«.t0(  . 

2.»2T 

16 

583 

u» 

0.601 

2.5IT 

650 

18? 

0.601 

2.84> 

0 

107 

107 

0.544 

0 

105 

105 

0,>2t 

0 
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Table  5 


2.  Phyaical  Charactcrlotics  of  Test  Specimens 


— 

Specimen 

Number 

1 

t(lnch)  . 

- r 

E(ksi) 

- 1 

1 

Remarks  i 

20.1  , 

t 

0.002  1 

759 

Cerrobend  | 

20.2  ' 

V  i 

700 

Cerrobend 

1  20.3 

737 

Cerrobend 

i  20.4  ; 

i 

1 

732 

Cerrolow 

20.5 

'1 

! 

745 

Corrolow  j 

1  ^0.6  1 
1 

0.002 

1 

734 

Cerrolow 

t 

1  30. 1 

0.003 

711 

C^i^roband 

J 

30.2 

k 

\ 

714 

Cerrobend  1 

j 

30.  3 

732 

Cerrobend  j 

30.4 

764 

Cerrobend  i 

30.5 

765 

CerrolTw 

30.6 

783 

Cerrolow 

30.  7 

\ 

780 

Cerrolow 

30.6 

0.003 

606 

Cerr'rlow 

50.  1 

0. 

005 

732 

Cerrobend 

50.2 

/ 

752 

Cerrobend 

50.  3 

739 

Cerrobend 

50.4 

7  39 

Cerrobend 

50.5 

729 

Cerrolow 

50.6 

742 

Cerrolow 

50.7 

\ 

! 

729 

Cerrolow 

1  50. S 

J _ 

c. 

_ 

005 

_ 

74« 

Cerrolow 
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Table  5a.  CoitcluJed 


T 


1  Specimen  : 
Number 

( 

t(inch) 

E(kBi) 

Remarks 

i 

79.1  ; 

0.0079 

■ 

810 

Cerrobend 

:  79.2 

/ 

\ 

769 

Cerrobend 

79.3-1 

814 

Cerrobend ' 

:  79.3-2 

816  1  Cerrolow  | 

79.4 

766 

Cerrolow  | 

i  79.3 

765 

Cerrolow 

'  79.6 

\ 

/ 

794 

Cerrolow 

;  79.7 

0.0079 

794 

Cerrolow 

1  1 

!  100.1 

O.OIC 

739 

Cerrobend 

:  100.2 

t 

K 

723 

Cerrobend 

:  100.3-1 

719 

Cerrobend 

1  100.3-2 

713 

Cerrolow 

100.4 

726 

Cerrolow 

100.5 

716 

Cerrolow 

100.6 

/ 

T 

694 

Cerrolow 

100.7 

O.OlO 

710 

Cerrolow 

'•^'7 — 

-J::v  ..jSlWabi 


V 
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Table  6.  Continied 


SpeciriMii  No.  50.4 


Sp«cim*n  No.  50.  5 
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f 

Table  7.  Continued 


Specimen  No. 

30.  5 

Specimen  No. 

30.6 

!  Specimen  No. 

30.  7 

P 

r-p 

min 

<r 

min 

■p 

p 

■  min 

*^min 

F 

■**mln 

?  . 
min 

lb 

lb 

lb 

0.  0 

5.4 

0.  125 

0.0 

5.  2 

0.  118 

O.C 

5.3 

0.  120 

0.  042 

8.  3 

0.  192 

0.  041 

8.  3 

0.  188 

0.042 

8.  2 

0.  186 

U.  084 

10.  7 

0.  248 

0.  082 

10.  8 

0.  244 

r.082 

10.  8 

0.  245 

0.  168 

12.  6 

0.  292 

0.  164 

12.  6 

0.  285 

0.  164 

13.4 

0.  304 

0.  252 

14.0 

0.  324 

I  0.  246 

13.  7 

0.  310 

0.  248 

14.6 

0.  332 

0.  335 

15.  5 

0.  368 

!  0, 328 

15.  5 

0.350 

0.  329 

16.  2 

C.  368 

0.  419 

1‘).  8 

0.  389 

I  0.410 

16.  8 

0.  380 

0.411 

16.  7 

0.  379 

0.  503 

17.  4 

C.  403 

:  0.492 

11,  3 

0.391 

0.493 

17.  5 

0.  397 

0.  587 

18  2 

0.421 

1  0.  574 

18.3 

0.414 

0.  576 

18.6 

0,422 

0.671 

19.  1 

0.441 

i  0.655 

18.  7 

0.423 

0.658 

19  6 

0.445 

0.  755 

19.  7 

0.455 

j  0.  737 

19.4 

0.439 

0.  740 

20.  0 

0.454 

0.838 

20.  7 

0.479 

■  0.  819 

20.  6 

0.465 

0.  824. 

20.  6 

0.468 

1.006 

21.  7 

0.  502 

0.  983 

21.6 

0.4SS 

0.  987 

n  • 

Cl.  . 

0.493 

I.  174 

22.  6 

0.  523 

1  1.  147 

22.  6 

0.  510 

1.  151 

22.  7 

0.  515 

1.  342 

23.  2 

0.  548 

!  1.311 

23.  1 

0.521 

1.316 

23.0 

0.  522 

1.  509 

23.  7 

0.  348 

1.475 

23.  9 

0.  540 

1  1.480 

23.  9 

0.534 

1.677 

24.4 

0.  564 

i  1.650 

24.  5 

0.  534 

I  1.645 

24.  3 

0.551 

1.  845 

24.  7 

0.  571 

’  1.803 

24.  7 

0.558 

1  1.809 

24.6 

V  558 

2.  180 

25.  2 

0.  583 

2.  130 

25.4 

0.574 

1  2.  138 

25.1 

0.  570 

2.  516 

25.  5 

0.  59‘'> 

1  2.  458 

25.  7 

0.  581 

:  2.467 

25.6 

0.  581 

2.  860 

25.8 

0.  596 

1  2.  785 

26.  1 

0.590 

!  2.  796 

26.  2 

0.  595 

3.  186 

25.9 

0.H9 

3.  113 

26.  2 

0.  S92 

1  3. 125 

26.5 

0.601 

3.  522 

25.  9 

0.599 

1 

1  3.441 

26.  2 

0.  592 

!  3.4:4 

1 _ 

26.  3 

0.  597 
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Specimen  No.  79.3-1 


ecimanNo.  79.3*2 


0 

0.029 

0.057 

0.114 

41 

57 

69 

8* 

0.129 

0.179 

0.216 

0.254 

0.171 

90 

0.263 

0.226 

100 

0.314 

0.342 

112 

0.352 

0.456 

123 

0.367 

0.618 

136 

0.434 

0,773 

149 

0.466 

0.926 

15(1 

0.496 

1.237 

170 

0.534 

1.546 

177 

0.556 

1.655 

186 

0.564 

2.165 

169 

0.594 

2.474 

166 

0.591 

2.763 

166 

0.591 

3.092 

3.401 

0.559  1 


1 - 

Specimen  No. 

79.4 

P  **mln 

lb 

^min 

O.IBI 

0.241 

0.362 

0.4B2 

0.654 

0.S17 

0.961 

1.301 

l.i35 

1.962 

2.269 
2.615 
2.943 

3.269 


0.127 
.163 
.203 
.243 
0.290| 
0.303 
0.353 
0.394 
0.444 
0.470 
0,413 
0.533 
0.554 
0.576 
0.590 
0.590 
0.590 


J  ' 
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Table  7.  Concluaed 


00.3-2 


ecimenNo.  100.4  1 


0.  100,5 
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ngvr*  19.  Tact  9*t<ip  for  tctcreidlr  Prcceurtae^  CylinAerb 
in  A>1«1  Compreeaion 


(MWHWTIAL 

rXANSTONMCr 


.60-0000-1942S 


CtJTOFf  FOR 

ELASTIC 

BUCKLING 
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50  T 


GOQG  GD-OD 
i 


1 


r/.  « 


'<1* 


CERROBENO 
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(c)  1S.8  1/2  Hard  Suialaaa  dtaal  (Kaf  21) 


H)  17.7  FN  aulAUsa  aiaal  (lUI  i) 


Fltfc.'i'  C  ‘«494 
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VII.  PRESSURIZED  TRUNCATED  CONFS  UNDER  AXIAL 
COMPRESSION 

Theoretical  results  for  simply  supported  pressurized  conical  shells 
under  axial  compression  (Reference  31)  show  that  the  axisymmetric  buckl¬ 
ing  coefficient  is  a  function  of  an  internal  pressure  parameter  and  of  a 
parameter  containing  the  semivertex  angle  and  the  ratio  of  the  small 
radius  of  curvature  and  the  wall  thickness.  For  sufficiently  large  pres¬ 
sures;  i.e.,  for 


I  R  j/ cos  a 


•  ) 


(8) 


i 


the  total  axial  load  carrying  capacity  of  the  conical  shell  is  given  by 


i/2 


IT — 

Et  cos  a 


(1  +  Y)  11+  l.OPn 


1/3 


(9) 


where 


I  ^  1  / 

I  12(  1  -  v'')  j  l/ cos  c  cot  ^  s 

t 

Calculated  buckle  patterns  indicate  that  as  the  pressure  increases  the 
buckle  deformations  become  confined  to  the  small  end  of  the  cone,  since 
this  is  the  only  part  of  the  cone  in  compression. 

The  experimental  tesults  obtained  from  a  relatively  sr.i.i!'.  number 
of  testa  investigating  the  predicted  increase  in  net  load  carrying  capacity, 
baaed  on  the  wmall  cross-section  of  the  cone,  are  given  in  Table  a  anu 
are  compared  with  theoretical  calculations  in  Figure  27.  It  can  be  seen 
that  the  p’-sdictions  of  the  small-deflec tior.  theory  are  qualitatively  veri¬ 
fied,  in  that  cones  with  lower  valutfi  of  the  geometry  parameter  ^appear 
to  yield  larger  net  buckling  load  ci.  e'.iicienta  ae  a  function  of  the  preaeure 


1. 
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parameter  anrl,  for  aufiiciently  large  pretitircs,  the  buckling  load 
coefficients  increase  linearly  with  pressure.  It  will  be  noted  that  in  many 
case;  the  net  buckling  load  coefficient  is  larger  than  the  theoretically 
predicted  value.  The  theoretical  values  are  suspect,  however.  Since  the 
buckles  occur  very  close  to  the  small  end  of  the  cone,  it  can  be  expected 
that  a  rigorous  analysis,  taking  into  account  the  clamped  end  condition  and 
the  variation  of  the  meridional  stress  from  that  given  by  membrane  theory 
and  experiment  is  not  very  serious,  however;  therefore,  the  present 
theoretical  valo. 4  csn  be  used  as  an  estimate  of  the  load  carrying  capacity 
of  conical  shells  for  values  of  the  pressure  parameter  greater  than  unity. 

The  obscr'-ed  buckle  patterns  (see  Figure  28)  vary  with  internal 
pressure  in  a  manner  a,.nilar  to  that  for  cylinders.  It  follows  then  that  a 
comprehensive  experimental  program  should  include  an  investigation  of 
the  effect  of  the  ratio  of  the  small  radius  of  curvature  to  the  wall  thick¬ 
ness  on  cones  having  given  values  of  the  geometry  parameter 

It  i«  also  obvious  from  the  results  that  the  stress  state  bscemes 
plastic  the  ends  of  the  specimens  under  sufficiently  high  pressures, 

as  indicated  by  the  drop-off  in  net  buckling  load  for  acme  rpacinrsns. 

Thus,  the  benefits  of  pressurisation  are  limited  by  the  onast  and  effwis 
of  plasticity,  which  are  dependent  on  the  plastic  behavior  of  ;..a  particular 
material  uaed.  The  test  results  of  Reference  6  for  high  strength  stainless 
Steel  specimens  are  in  good  agreement  with  thoaa  of  t^e  praaerS  rapert, 
but  do  not  cover  a  large  enough  range  of  pressure  to  verify  ths  thsoratlial 
increase  in  net  load  carrying  capacity  over  that  for  the  cylinder  for  large 
presai.rrs.  It  haa  been  noted,  however,  both  in  the  present  results  und  in 
those  of  Reference  i,  that  con««  appear  to  he  relatively  etroager  than 
cylinders  in  th”  low  pressure  range.  The  reauUs  of  Reference  )2  appear 
to  be  considerably  lower  than  those  of  the  present  paper.  It  ia  difficult  to 
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iffect  a  direct  confipaiijon  cince  the  test  result#  tabulated  in  Reftrencs  32 
contradict  the  re«ult*  given  vraphically .  Since  the  load  level  never  reached 
the  theoretical  value,  even  at  relatively  high  pressure,  the  cones  are  con¬ 
cluded  to  have  been  of  inferior  construction. 


« 
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Table  8.  Contfjiued 


t 

(In. ) 

>^1 

(in.) 

1 

E 

(P»l) 

P  .  .R,*  p 

— 

P  -  .R  *  p 

coa^  a 

2vCt^  coa^  a 

(»)  a  « 

20" 

0. 005 

l.ti 

15.600 

700,000 

0.276 

0. 000 

0.645 

1.001 

0. 366 

0.056 

0.675 

1.113 

0.407 

0.1 11 

0.691 

1.124 

0.429 

0.167 

0.711 

1.335 

0.466 

0.223 

0.714 

1.446 

0.502 

0.270 

0.734 

1.550 

0.514 

0.334 

0.751 

1.660 

0. 309 

0.750 

1.700 

0.445 

0.769 

1.091 

0.501 

0.705 

0.566 

0.556 

0.791 

0.  sao 

0.612 

0. 004 

0.594 

0.667 

0. 005 

2.440 

0.594 

0.723 

0.013 

2.  559 

0.  599 

0,779 

0.000 

2. 670 

0.615 

0.034 

0.  004 

2.701 

0.626 

0.090 

O.OOS 

1.46 

6,260 

704,000 

0.000 

0.421 

0. 220 

0.014 

0,426 

0,247 

0.409 

0.027 

0.'*40 
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VIII.  CYLINDERS  AI^'D  TRUNCATED  CONES  UNDER  PURE  BENDING 

The  design  of  cylindrical  shells  in  bending,  like  that  of  cylinders  In 
compression,  is  in  an  inconclusive  state  at  the  present  time.  It  is  only 
recently  (see  Reference  33)  that  small-deflection  theory  for  this  loading 
condition  has  been  fully  solved,  reliance  having  been  previously  placed  on 
an  incomplete  result  due  to  FIngge  (Reference  9).  According  to  small- 
deflection  theory  the  critical  maximum  compressive  stress  due  to  bending 
is  approximately  equal  to  that  for  axial  compression,  or 


M  1 

'/3(1  -  v^) 


(10) 


Experimental  results  obtained  to  date  are  lower  than  this  classic  value, 
but  higher  than  results  for  the  case  of  axial  compression.  No  large-deflec¬ 
tion  analysis  exists  to  show  whether  the  Increase  in  stress  is  or  is  not  an 
inherent  characteristic  of  cylinders  in  bending,  but  certain  conjectures 
have  been  made  to  explain  both  the  large  scatter  of  bending  results  and  the 
increase  over  axial  compression  results. 

The  experimental  buckle  patterns  for  cylinders  in  bending  (Figure  29) 
are  very  much  like  thoso  obtair  ed  in  axial  compression.  It  therefore 
appears  reasonable  to  assume  that  the  theoretical  post-buckling 
behavior  under  both  loading  conditions  is  similar  and  that  initial  imperfec¬ 
tions  and  other  factors  discussed  in  Section  V  are  significan*'  for  both. 

(See,  however.  Section  XIIL  )  The  stress  distribution  varies  circunnferen- 
tially  in  the  case  of  bending,  however,  so  that  the  shells  have  a  preferred 
region  of  buckling.  The  lower  probability  of  imperfections  occurring  within 

this  region  would  lead  cme  to  expect  stress  coefficients  in  bending  that,  on 

e 

theaverage,  ere  higher  than  those  for  compression. 


This  explanation  was  suggested  by  Prof.  B.  Budiansky  In  connmenting  bn 
Reference  33. 
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For  conical  shells,  bending  represents  a  completely  unexpl  'red 
loading  condition.  Since  no  theoretical  solution  exists ,  investigations 
must  be  guided  primarly  by  the  facts  knca’n  about  cylinders  and  cones 
in  compression  and  about  cylinders  in  bending.  The  bending  test  pro¬ 
gram  reported  in  this  section  was  intender  to  provide  additional  data 
for  cylinders  in  bending  and  to  provide  data  for  at  least  establishing  a 
tentative  method  for  the  design  of  conical  shells  in  bending. 

A.  Results  for  Cylinders 

The  experimental  data  for  cylinders  are  given  in  part  (a)  of 
Tables  9  and  10.  It  can  be  seen  that  the  magnitudes  of  the  critical  bend¬ 
ing  moment  coefficiente  are  considerably  higher  than  those  for  axial  com¬ 
pression.  The  data  are  plotted  in  Figure  30  together  with  experimental 
results  obtained  by  other  investigators  (Reference  5,  30,  34,  35,  and  36), 
Some  of  the  data  in  the  literature,  namely  that  of  References  13  and  17, 
have  been  omitted,  since  the  results  were  not  in  agreement  with  either 
thcise  ox  the  present  program  or  with  those  of  ths  other  investigations. 

It  is  suspected  that  the  cylinder  wall  thicknesses  reported  in  Reference  13 
were  too  snrull  to  permit  easy  handling  and  resulted  in  oignlficantly  infer¬ 
ior  specimens.  The  data  of 'Reference  17  are  suspect  since  the  specimens 
were  subjected  to  plastic  damage  in  previous  lest#  of  the  same  specimens. 
The  various  test  results  cover  the  range  of  radius -thickness  ratios  less 
than  2000.  The  only  available  data  for  a  larger  radius-thickness  ratio 
(Reference  35)  are  not  plotted  since  they  were  obtained  from  very  thin- 
wafled  specimens  and  are  not  In  accord  with  the  trend  established  by  the 
other  data. 

It  can  be  seen  that  the  remaining  data  are  in  relatively  good 
agreement  and  define  a  smooth,  consistent  lower  bound  curve.  A  good 
repreeentatlon  of  thle  lower  bound,  Interestingly  enough,  can  be  obtained 
by  a  slight  modification  of  ths  lowsr  bound  ciurve  deflued  for  axial  compres¬ 
sion  as 
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^  irERt^ 


TTV 


t 


(11) 


which  is  shown  in  Figure  33,  Also  shown  is  the  coefficient  given  by 
Equation  (4)  multiplied  by  a  factor  of  1.3,  which  has  been  suggested  in  the 
literature.  The  agreement  of  this  curve  with  the  test  data  is  poor. 

B.  Results  for  Cones 

Before  presenting  the  experimental  data  for  conical  shells  in 
bending,  it  is  necessary  to  discuss  the  parameter  used  as  a  critical  bend¬ 
ing  moment  coefficient.  The  theoretical  results  of  Reference  33  for 
cylinders  in  bending  indicate  that  the  predicted  buckle  wavelength  is  sniall 
and  that  the  maximum  compressive  bending  stress  should  be  approximately 
equal  to  the  critical  axial  compressive  stress.  The  results  of  P.efsrence  24, 
for  conical  shells  in  axial  compression,  indicate  that  the  critical  local 
meridionr^l  stress  is  equal  to  the  critical  compressive  stress  of  a  cylinder 
having  the  same  wall  thickness  and  the  same  local  radius  of  curvature.  It 
is  also  known  that  stresses  in  cones  under  bending  decrease  in  the  lor.gi- 
tudinal  direction  at  a  rate  much  faster  than  do  the  corresponding  stresses 
in  axially  compressed  cones.  It  appears  reasonable,  therefore  to  hypothe¬ 
size  that  small-deflection  theory  for  conical  shells  in  bendii.^  would  pre¬ 
dict  that  buckling  occurs  when  the  maximum  meridional  compressive  stress, 
at  or  near  the  small  cross  section  of  the  cone,  is  equal  to  the  critical 
compressive  stress  of  a  cylinder  having  the  same  wall  thickness  and  the 
same  local  radius  of  curvature.  Thus  utilising  the  membrane  theory  of 
shells,  we  predict  that  the  classic  buckling  moment  coefficient  is  given  by 
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It  may  very  well  be  that  the  theoretical  buckling  coefficient  is  a  function  of 
tho  parameter  ^suggested  by  the  work  on  cones  under  axial  compression 
and  internal  pressure,  since  the  iheorotical  buckled  shape  can  bs 
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ixpected  to  be  concentrated  in  the  vicinity  of  the  small  radius  because  of 
the  rapid  drop-off  in  stress,  and  of  the  semivertex  angle  a  itself  since  the 
membrane  stress  state  also  consists  of  a  shearing  stress  distribution 
which  increases  in  importance  as  the  semivertex  angle  increases.  Actual 
buckle  patterns  for  conical  shells  (Figure  29)  are  not  very  much  different 
from  those  for  cylinders,  however.  In  the  absence  of  an  analytical  solu¬ 
tion  o^  this  problem,  it  is  difficult  to  ascertain  the  important  parameters 
in  view  of  the  large  number  of  tests  that  would  be  required.  Thus,  about 
all  that  can  be  done  at  the  present  time  is  to  see  if  experimental  values  of 
defined  by  Equation  (12)  and  plotted  against  p^/t  for  the  conical  shells, 
fall  within  the  scatterbands  defined  by  the  cylinder  results. 

The  experimental  data  are  presented  in  Table  9  and  10  and 
are  plotted  in  terms  of-the  parameters  Cj^  and  Pj/t  in  Figure  31.  Also 
shown  is  the  lower  bound  curve  suggested  by  the  cylinder  results.  It  is 
evident  tliat  most  of  the  cone  data  lie  above  the  lower  bound  curve  and 
reasonably  wall  v/ithiia  the  Swatterband  established  by  the  cylinder  results. 
A  study  of  the  data  indicates  that  the  length  of  the  conical  shell  may  be  a 
significant  parameter,  but  there  is  insufficient  data  to  firmly  establish 
this  trend.  It  would  be  helpful  in  future  test  programs  to  construct  speci¬ 
mens  with  a  fixed  small  radius,  rather  than  the  large  rcdius,  and  to 
comprehensively  study  the  effects  of  variations  of  length,  well  thicloiess, 
and  semivertex  a'.tgle  within  the  framework  of  the  discussion  given  abo'  e. 
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Table  9.  Experimental  Data  for  Mylar  Cones  and  Cylinders  in  Pure 
Bending 


E  X  10' 
(p«i) 


wEt  C08  o 


0.0100 
O.OICO 
0.0100 
O.ClOO 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
O.OiOO 
0.0080 
0.0080 
0.0080 
0.0050 
0.0050 
0.0050 
0.0050 
0.0050 
0.0050 
0  005C 
0.0050 
0,0050 
0.0050 
0.0030 
0.0030 
0.0030 
0.0030 
0.0030 
0.0030 
0,0030 
0.0030 
0.0030 
0.0030 
0,0020 
0.0020 
0.0020 


690 

400 

0,875 

690 

100 

12.0 

690 

100 

12.0 

690 

ICO 

10.0 

690 

100 

6.0 

690 

100 

6.0 

690 

100 

6.0 

'-90 

100 

4.0 

690 

100 

4.0 

690 

100 

2.0 

690 

100 

2.0 

690 

100 

1.0 

690 

100 

1.0 

690 

100 

1.0 

725 

125 

1.0 

725 

125 

1.0 

725 

125 

1.0 

750 

800 

2.0 

750 

800 

2.0 

750 

800 

2.0 

750 

800 

2.0 

750 

800 

0.875 

750 

800 

0.875 

800 

200 

l.O 

800 

200 

l.O 

800 

200 

1 ,0 

800 

200 

1.0 

775 

1333 

2.0 

775 

1333 

2.0 

775 

1333 

2.f> 

775 

1333 

2.0 

775 

1333 

0.875 

775 

1333 

0.875 

775 

1333 

0.875 

775 

333 

1.0 

775 

333 

1.0 

775 

333 

1.0 

740 

2000 

2.0 

740 

2000 

2.0 

740 

2000 

2.0 

0.331 
0.404 
0.395 
0.448 
0.476 
0.500 
0.480 
0.504 
0.536 
0.468 
0.456 
0.487 
0.512 
0.545 
0.528 
0.523 
0.508 
0.320 
0,416 
0  373 
0,343 
0,379 
0.3j2 
0.511 
0.423 
0.393 
0.417 
0.327 
0.321 
0.285 
0.290 
0.388 
0.307 
0.335 
0.366 
0.408 
0.429 
0.219 
0.190 
0.192 


K  ‘ 


0.0020 
0  0020 
0.0020 
0.0020 


0,0100 

O. OlOO 
0,0100 
0.0100 
0.0100 
0,0100 
0.0100 
0.0100 

P. OlOO 
O.OtOO 
0.0100 
0.0100 
J.OlO" 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0,0075 
0,0075 
0.0075 
o.yofs 


V-  ' 

jU 


Table  9-  Continued 


ll  r.rtL 


(c)  a  -  30 


700 

333 

1.275 

700 

333 

1.275 

680 

332 

1.265 

680 

332 

1.265 

680 

330 

1.285 

680 

330 

1.285 

70C 

330 

1.296 

700 

330 

1.296 

690 

252 

2.241 

690 

252 

2.241 

690 

248 

2.296 

690 

248 

2.29b 

690 

169 

4.2U0 

690 

169 

4  200 

690 

166 

4.282 

590 

166 

4.282 

690 

163 

4.410 

690 

i63 

4.410 

720 

161 

4.454 

720 

161 

4.454 

797 

445 

1.265 

797 

445 

1 .265 

797 

443 

1.275 

797 

443 

1.275 
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irEt  Rj  cos*  o 


0.875 
O.y.'S  ! 
1.0 
1.0 


0.212 

0.27! 

0.345 

0.366 


(b)  Q  = 

■  --  1 

20° 

t -  — 

0.0050 

704 

321 

t.35 

0.505 

0.0050 

70a 

321 

6.35 

0.439 

0  0050 

69^ 

321 

6.35 

0.466 

0.0050 

693 

321 

6.35 

0.540 

0.C050 

093 

620 

1.97 

0.429 

0.0050 

693 

620 

1.9? 

0.505 

0.0050 

693 

472 

3.44 

0.449 

0  0050 

693 

472 

3.44 

0.416 

0,429 

0.451 

0.443 

0.468 

0.-.J8 

0.436 

0,430 

0.432 

0.449 

0.456 

0.4B0 

0.486 

0.519 

0.512 

0.492 

0.510 

0.457 

0.464 

0.423 

0.400 

0.398 

C.421 

0.412 

0.418 


iiki' 


ilsiAifc 
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Tab(e  9.  Contlsued 


E  X  10"^ 
(psi) 


xEt  CO*  a 


0.0100 

677 

205 

2.448 

0.506 

O.OiOO 

690 

199 

2.546 

0.480 

0.0100 

690 

199 

2.546 

0.503 

0.0375 

591 

411 

1.304 

0.492 

0.O075 

691 

411 

1.304 

0.508 

C  0075 

691 

400 

1.358 

0.513 

0.0075 

691 

400 

1.358 

0.458 

0.0075 

691 

277 

2.401 

0.485 

0.0075 

69* 

277 

2.401 

0.479 

0.0075 

£''1 

270 

2.497 

0.533 

0.0075 

691 

270 

2.497 

0.481 

0.005O 

731 

833 

0,695 

0.376 

O.OO^'O 

731 

833 

0.695 

0,407 

0  0050 

731 

825 

0.712 

0.374 

0  0050 

731 

825 

0.712 

0.380 

u  .uvl/u 

690 

608 

1.326 

0.465 

o.DOSO 

690 

608 

1.326 

0.464 

0  3050 

7  31 

600 

1 .358 

0.367 

0.0050 

731 

600 

1.358 

0.400 

0.U050 

678 

408 

2.472 

0.415 

0.0050 

678 

408 

2.472 

0.344 

0.0050 

679 

398 

2  546 

u  423 

0.0050 

679 

398 

2.546 

0.431 

(e)  o  = 

o 

o 

0.0100 

683 

542 

0.486 

0.557 

O.OiOO 

683 

542 

0.488 

0.540 

0.0100 

683 

538 

0.496 

0.520 

0.0100 

683 

538 

0.496 

0.520 

0.0100 

690 

394 

0.555 

0.516 

0.0100 

690 

394 

0.888 

0.493 

0.0100 

690 

386 

0.918 

0.520 

0.0103 

690 

386 

0.918 

0.494 

0.0100 

686 

384 

0.926 

0.533 

0.0100 

686 

384 

0.926 

0.434 

0.0100 

690 

382 

0.934 

0.527 

0.0100 

690 

382 

0.934 

0.527 

0.0100 

690 

382 

0.934 

0.523 

0.0100 

690 

382 

0.934 

0.535 

0.0100 

650 

380 

0.942 

0.486 

0.0100 

650 

380 

0.9';2 

0.451 
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Table  9.  Concluded 


t 

(in) 

Ex  10“^ 
(psi) 

Pi 

1 

M 

t 

Pi 

■rrEt^  R  j  co8^  a 

0.0100 

700 

278 

1.499 

0.481 

0,0100 

700 

278 

1.499 

0.497 

0.0100 

700 

278 

1.499 

0,583 

0.0100 

700 

278 

1.499 

0.485 

0.0100 

700 

264 

1.610 

0.564 

0.0100 

700 

264 

1.610 

0.537 

0,0100 

650 

240 

1.789 

0.527 

0,0100 

650 

240 

1.789 

0.527 

0,0100 

650 

238 

1.848 

0.529 

O.ClOO 

650 

238 

1.848 

0.534 

0.0075 

77o 

744 

0.457 

0.508 

0,0075 

778 

744 

0,457 

0.482 

0.0075 

778 

717 

0,496 

0.484 

0.0075 

778 

717 

0.496 

0.472 

0.0075 

760 

557 

0.804 

0.495 

0,0075 

760 

557 

0.804 

0.517 

0.0075 

760 

515 

0.918 

0.514 

0.0075 

760 

515 

0.918 

0.539 

0.0075 

772 

379 

1.456 

0.526 

0.0075 

772 

379 

1.456 

0,455 

0.0075 

772 

363 

1.545 

0.502 

0.0075 

772 

363 

1.545 

0.457 

0.0050 

720 

1096 

0.476 

0.3/3 

0.0050 

720 

1096 

0.476 

0.361 

0.0050 

685 

1096 

0.4/6 

0.415 

0.0050 

685 

1096 

0.476 

0.399 

;  0.0050 

685 

1092 

0.480 

0.389 

!  0.0050 

685 

1092 

0.480 

0.363 

:  O’,  0050 

685 

1088 

0.484 

0.369 

0.0050 

685 

1088 

0.484 

0.353 

0,0050 

676 

778 

0.903  . 

.  0.370 

0,0050 

676 

778 

0.903 

-  0.356 

0.0050 

676 

764 

0.934 

0.445 

0.0050 

676 

764 

0.934 

0.406 

0.0050 

676 

764 

0.934 

0.449 

0.0050  . 

676 

764 

0.934 

0.425 

1  0.0050 

730 

528 

1.610 

0.505 

1  0.0050 

730 

528 

1.610 

0.492 

1  o.otfso 

730 

528 

1.610 

0,447 

\  0,0050 

730 

528 

1.610 

0.447 

i  0.0050 

783 

516 

1.660 

0.345 

i  0.0050 

783 

516 

1.660 

0.383 

. .  . 
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Table  10.  Experiraental  Data  lor  Steel  Conee  and  Cyiindere  in  Pure  Beading 


0.010 
O.OtO 
0  010 


-6 

Pi 

E  X  10 

(p«i) 

T 

(a)  0  =  0*^ 


0.020 

30 

0.020 

30 

0.020 

30 

0.020 

30 

0.020 

30 

0.020 

30 

0.010 

30 

0.010 

30 

o.otc 

30 

0.010 

30 

0.010 

30 

0.010 

30 

0  oto 

30 

O.OiO  ! 

30 

<^.1)10 

3C 

(b)  a  »  30' 


30 

231 

30 

231 

BIS 

30 

231 

30 

231 

2.598 

30 

462 

2.598 

30 

462 

2.598 

30 

462 

2.598 

0.361 

0.318 

0.322 

C.318 

0.385 

0.442 

0.421 

0.411 

0.433 

0.455 

0.320 

0.421 

0.319 

0.388 


300 

1.347 

0.: 

300 

1.347 

0.: 

mSSM 

1.347 

0.] 

1.347 

0.. 

BSH 

0.577 

0., 

mSSM 

1.347 

0.: 

1.347 

0. 

1.347 

0.4 

1.347 

0.4 

mM 

2.310 

c.. 
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(•)  •  -  40* 

Figure  <9.  Tyiiic'l  Buckle  PMMim  for  CyltAericAl  ea4  Cenlccl  Skella 
lk»4«r  Pure  BwiOtiig 
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IX.  PRESSURIZED  CYLINDERS  ANi:)  TRUNCATED  CONES  UNDER 

BENDING  AND  AXIAL  LOADS 

Of  the  loading  conditionii  ttudied  in  the  present  report,  the  interaction 
between  bending,  axial  load,  and  internal  pressure  is  the  least  investigated 
in  the  literature.  It  is  known  that  there  is  a  straight  line  interaction  curve 
between  bending  ano  axial  compression  for  unpressurised  cylinders 
(Reference  17  and  31).  Further,  it  has  been  supposed,  on  the  basis  of 
theoretical  results  for  pressurised  cylinders  in  axial  compression,  that 
the  maximum  nominal  compressive  stress  for  pressurised  cylinders  in 
bending  should  approach  the  classic  value  for  axial  compression.  Experi¬ 
mental  evidence  to  disp''‘ovc  this  assumptio.n  has  recently  appeared  in 
References  5  and  35,  where  it  is  shown  that,  for  pressurised  cylinders 
in  bending,  maximum  compressive  stress  coefficients  that  are  greater 
than  the  classic  value  for  axial  compression  can  be  obtained.  The  experi¬ 
mental  data  arc  insufficient,  however,  to  yield  any  clear  picture  of  what 
critical  loads  can  be  expected,  since  they  are  available  only  for  r'llatively 
low  vslues  of  internal  prc.wiire. 

A  kinall '  deflection  aiialys.s  of  the  stability  oi  preisuriaed  cyl.Aders 
in  ‘.ending  (Reference  37)  reveals  that  lateral  pressuie  slightly  increases 
*hc  critical  compressive  stress  of  cylinders  in  bending,  wi*‘v  Iheu>..rc4ee 
varytr.g  with  the  lateral  pressure  and  with  the  radius-thickness  ratio  of 
the  cyluuler.  When  axial  tension  is  added,  as  la  the  case  of  hydrostatic 
pressure  for  instance,  the  net  cutnpresfivc  stress  at  buckling  is  largr  r 
thar.  for  lateral  preaaure  alone  and  continues  '<>  lerrasy^  ay  tKa  axial 
tension  increases.  Small- deflection  'hcorv  is  inade^ua'e.  however,  and. 
since  large  deflection  analysis  is  not  available  at  Ihia  Cme,  the  true 
behavicr  of  pressurised  cylindara  in  bending  must  be  revealed  t.y 
eaperiment. 

The  eaperimental  reaulia  presented  herein  represent  an  indication 
of  what  can  be  ex /acted  of  etaeilc  pressurtaed  cones  and  cylinders  in 
bending.  However,  esiablishi.'.g  design  criteria  frosn  Ibe  available  data 
would  appear  to  b\  premature. 


I 


STL/TR-60-0000-  1942S 
Page  1^8 


A.  Load- Ocf ormation  Curvea 

Load- deformat  ion  curves  for  preeturized  cylinder!  and  cones  in 
bending  were  obtained  by  continuously  recording  the  force  in  the  loading 
cable  and  the  downward  movement  of  the  end  plate  at  the  compression  side 
of  the  shell.  Typical  sets  of  curves  for  cylinders  with  varying  pressures 
are  shown  in  Figures  32  and  33.  The  X  mark  on  each  curve  is  the  critical 
load  calculated  from  linear  theory.  Each  curve  of  Figure  32  was  obtained 
by  keeping  the  internal  pressure  constant,  applying  an  end  compressive 
load  equal  to  the  calculated  pressure  force  on  the  end  plate,  and  varying 
the  bending  moment  until  a  maximum  value  was  obtained.  This  corresponds 
to  a  cylinder  ..ader  lateral  pressure  alone.  The  curves  of  Finve  33  enrr  ;■ 
spend  to  a  cylinder  unw^r  uniform  hydrostatic  preesi're  since  the  pressure 
force  on  the  end  plate  was  not  counterbalanced.  Values  of  the  pressure 
parameter  p  ,  which  is  about  3.3  times  the  usual  parameter  p,  and  the 
cor rri< pending  critical  load  pretticied  hy  the  small-detlection  solution  of 
Fefereticc  37  are  shown  for  each  curve. 

t'he  implications  of  Figures  32  and  33  are  quite  unexpected,  since 
there  are  iew  hints  of  the  pnenomcna  in  the  literature.  V‘a  note,  first  of 
all,  .hat  the  maximum  loade  recorded  ars  coaaiderably  largtr  than  thoee 
predicted  by  email -deflect ton  theory  for  eufftcsently  hijh  pi  vesure.  The 
preaeni  resulie  indicate  that  the  n»mina'  compreeetve  etreee  due  to  bend¬ 
ing  tncreaeee  with  increeetng  internal  preeeure.  Similar  reeulta  were 

obtained  in  Reference  8  for  aluminum  cylindere  wUh  a  maximum  vatwe  fer 

e 

p  of  about  1. 

it  waa  obeerved,  ar  the  beading  moment  wee  increaeed,  t.hat 
approximately  ralial  defer  mat  lone,  eimilar  to  thoee  obeerved  in  leeta  of 
preeeuriaed  vylinde.-a  under  exi..l  cempreeeien,  firct  appeared  near  the 
cyluioer  ends  end  grew  in  magniluda.  The  level  of  load  at  which  Ihia  occur¬ 
red  waa  near  the  rritiral  value  nreilieted  hv  small- deformation  theory. 

The  unly  effect  theee  large  ripplee  appeared  to  have  on  the  overall  load- 
doformniten  hohavior,  hoerevor,  woe  to  alighlly  docroaae  the  cy^Lvier  etiff- 
neee.  Ac  the  moment  wae  incroaaod  hoyoad  ihie  level,  diamond- shaped 
dn'ormat^ms  appearvi*  xnd  spread  around  the  circumference. 


•d  I 


I 
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The  deptli  ci  these  buckles  at  the  "coliapre"  load  was  so  large  that  the  buckles 
could  lead  to  fracture  of  the  metal  shells.  The  problem  is  what  to  define  as 
a  critical  load.  If  large  deformations  are  the  criterion,  then  the  predic¬ 
tions  of  small-deflection  theory  are  reasonably  correct.  On  the  other 
hand,  these  large  deformations  on  the  compression  side  of  the  shell  only 
bring  about  a  redistribution  of  stress  within  the  shell  which  continues  to 
carr/  increasing  load  until  the  deformations  o.'  x  much  larg.tr  magnitude 
occur.  This  behavior  would  appear  to  be  similar  to  the  Brazier  type  of 
failure  of  cylinders  in  bcndit.g  {References  38-40)  and  would  possibly  be 
predictable  by  a  Brazier-type  of  theory;  but  the  values  obtained  in  Refer¬ 
ence  40,  for  instance,  are  found  to  be  considerably  higher  than  experimental 
results  for  pressurized  cylinders. 

It  will  also  be  noticed  that  the  effect  of  pressure  on  the  shape 
of  the  load-deformation  curves  for  cylinders  is  entirely  different  for 
the  cases  of  lateral  and  hydrostatic  pressure.  While  lateral  pressure 
has  the  effect  of  sharpening  the  peak  of  the  curve,  hydrostatic  pressure 
servtef  to  make  the  load-deformation  curve  slope  gently  to  a  plateau  in 
t]  t  m.a.onsr  of  pressurized  cylinders  under  axial  compression.  In  the 
latter  case,  the  variation  of  the  shape  of  the  curves  indicates  that  the 
deformation  modes  prior  to  collapse  vary  with  internal  preeiure.  For 
low  pressures  the  curve  .s  linrcr  "rti]  collepse  ncrurs.  As  the  pressure 
increases,  the  linear  portion  of  the  curve  breaks  sharply  prior  to  buckling 
and  proceeds  linearly  to  collapsa  at  another  slope.  With  still  higher 
pressures  the  sharp  break  rounds  off  and  collap’je  is  apparently  initiated 
by  still  another  large  deformation  mode.  The  comparison  indicates  that 
the  rounding-o/'f  effect  is  due  to  the  axial  tensile  force  induced  by  the  prc»- 
•ure,  a  conjecture  that  is  strengthened  by  the  results  of  some  preliminary 
bending  tests  which  applied  axia}.  tension  in  addition  to  hydrostatic  pres¬ 
sure.  For  sufficiently  large  tension  loads  it  was  impossible  to  define 
a  collapse  load  since  the  load-deformation  curve  did  not  level  off  even 
for  extremely  large  amount  of  deformation.  A  similar  result  was 
observed  for  very  ^irge  values  of  internal  hydrostatic  pressure. 
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B.  Collapt.J  Loads  for  Cylinders 

Net  compressive  stress  coefficients  for  the  cylinders  tested 
are  given  in  Table  11- and  are  shown  in  Figures  34  and  35.  The  results 
are. given  in  the  form  of  the  ratio  of  the  nominal  maximum  compressive 
stress  at  collapse  and  the  theoretical  critical  stress  for  axial  compres¬ 
sion  as  a  function  of  the  internal  pressure  parameter.  For  the  case  of 
lateral  pressure,  the  stress  ratio  is. 


(T  ^  2 

%  ^  \/3(l  -  V  ) 

0-  n 
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while  for  hydrostatic  pressure 
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A  comparison  of  Figures  34  and  35  shows  that  the  net  compres¬ 
sive  stress  coefficient  rises  more  rapidly  for  the  case  of.  ii.ternal  uniform 
hydrostatic  pressure  than  for  lateral  pressure.  For  hydrostatic  pressure, 
it  would  take  a  value  of  p  on  the  order  of  )  to  1.5  for  the  compressi'’e 
stress  to  attain  the  small  deflection  value  whereas  the  value  of  p 
required  for  lateral  pressure  is  about  2.  For  sufficiently  hign  pressures, 
results  of  both  types  of  pressuriaation  indicate  a  linear  Increase  of  the 
critical  net  compressive  stress  with  internal  pressure.  The  results  for 
hydrostatic  pressure  rise  at  a  rate  about  4  times  as  great  as  those  for 
i*ter«.l  pressure.  Preliminary  tests  indicate  that  even  greater  increases 
in  the  net  compressive  stress  coefficient  for  the  same  value  of  internal 
pressure  can  bo  obtained  with  additional  tension  load  proportional  to  the 
internal  pressure. 
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The  number  of  lasts  is  insuff.c'ent  to  show  whether  or  not  the 
collapse  moments  depend  to  any  great  extent  on  the  radius-thickness  ratio 
of  the  cylinders.  There  is  some  indication  that  this  i."  true,  but  a  great 
deal  of  additional  experimertation  is  required  to  firmly  establish  any  trends. 
It  is  obvious  tJ-at  exper imentaiion  is  required  for  less  elastic  materials 
to  determine  where  plasticity  effects  bring  about  deviations  from  thu  results 
for  Mylar. 


C.  Collapse  Loads  for  Cones 


A  few  bending  tests  were  performed  on  internally  pressurized 
cones  having  semivertex  angles  of  30  degrees  and  b?-  degrees,  the  .'esults 
of  which  are  given  in  Table  12  and  in  Figure  36  and  37.  Because  no  axiai 
compressive  locJ  was  applied,  the  results  pertain  to  the  case  of  internal 
uniform  hydrostatic  pressure  and  bending.  The  data  is  given  in  the  form 
of  the  net  nvaximum  compressive  stress  coefficient  as  a  function  of  the 
pressure  parameter  p  ,  all  based  on  the  small  end  of  the  conical  shell. 
Thus 
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We  note  that  there  appears  to  be  considerably  m.  re  scatter  of  the 
results  than  for  cylinders.  Some  scatter  Is  to  be  expected  since  initially 
the  region  of  compressive  stress  is  concentrated  near  the  small  end  of  the 
cylinder,  where  any  irregularities  such  as  dimpling  or  ovalixaticn  of  the 
Cross  section  would  affect  the  results.  This  might  peisist  evsn  at  high 
internal  pressure  since  the  combination  of  edge  restraint  and  pressurs 
would  create  irregularities  in  the  region  of  concern.  It  is  interesting 
that  all  of  the  lower  values  in  Figure  36  are  associated  with  those  cones 
made  of  0.003  inch  Mylar,  which  ware  difficult  to  assstnbls  satisfactorily. 
The  fact  that  soma  of  the  0.003  inch  cone  results  agreed  with  the  results 
obtained  for  th«  0.005  inch  and  0.010  inch  conas  tends  to  support  the 
theory  of  inferior  fabrication  and  scatter. 
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The  net  coinpressive  stress  coefficients  for  conical  shells 
appear,  then,  to  be  larger  than  those  for  cylinders  having  the  same  value 
of  p  .  It  will  be  noticed,  also,  that  the  results  for  60  degree  cones  are 
larger  than  those  for  30  degree  cones.  This  might  have  been  expected 
since  the  parameter  ^  ,  found  to  be  significant  for  axial  compression  and 
internal  pressure,  is  very  likely  an  irnportant  nararneter  for  bending  and 
internal  pressure  as  well  and  is  considerably  smaller  for  the  60  degree 
cones  than  for  the  30  degree  cones.  There  is  some  indication  in  the 
results  for  30  degree  cones  alone  that  there  is  an  increase  in  the  net 
compressive  stress  coefficient  with  decreasing  values  of  %  ,  but  this  con¬ 
clusion  is  masked  by  the  scatter  in  the  data. 

D.  Interaction  Ectween  Axial  Compression  and  Sending 

Tests  wore  performed  on  a  single  cylinder  and  a  single  3C  degree 
cone  to  determine  the  effect  of  pressure  on  the  interaction  curve  for  bend¬ 
ing  mornetit  and  axial  compression.  The  interaction  curve  was  first  obtained 
for  the  unpressur’red  shell.  A  constant  amount  of  pressure  was  then  added 
and  uala  again  obtained  for  bending  and  axial  compression,  axial  compres¬ 
sion  and  r.o  moment,  and  for  several  points  in  between  these  two  limits. 

The  procedure  was  repeated  once  more  for  an  additional  increme.nt  of 
internal  pressure. 

The  data  obtained  are  given  in  Tables  13  and  14.  The  pressure 
loading  ofi  the  end  plate  (the  smaHjsnd  of  the  cone)  was  subtracted  from 
the  ■<  tal  compression  load  coefficient  C.  The  nominal  maximum  compres¬ 
sive  stress  due  the  bending  moment  was  used  to  determine  the  bending 
moment  coefficient  C^.  The  data  was  then  put  into  the  form  of  a  stress 
ratio  by  dividing  the  axial  compression  load  coefficient  C  by  its  value  for 
the  case  of  no  bending  moment,  and  the  bending  moment  coefficient  by 
its  value  fer  the  case  of  no  net  axial  stress  (C^  at  C  =  0).  The  determina¬ 
tion  of  the  value  of  required  interpolation  of  the  dala. 
o 
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The  interaction  curves  for  ihi^  cylinder  are  given  in  Figure  .38. 

It  can  be  seen,  that,  for  the  values  of  pressure  considered,  the  interaction 
curve  betweeii  bending  moment  and  net  axial  lorcc  is  very  well  appioxi- 
mated  by  a  straight  line.  When  the  curve  is  extended  into  the  axial  ten¬ 
sion  region  there  is  a  definite  departure  from  the  straight  line,  such  that 
the  addition  of  tension  is  more  beneficial  to  the  moment  carrying  capacity. 
A  study  of  the  experimental  date  for  bending  and  internal  lateral  or  hydro¬ 
static  pressure  indicates  that  at  higher  pressures  the  interaction  curve  in 
the  axial  tension  region  should  he  merely  a  continuation  of  the  scraight  line 
for  the  axial  conipression  region.  The  nonlinear  interaction  curve  in  the 
tension  region  might  persist,  however,  for  values  of  p  less  than  about  <0. 

The  bendii  g- axial  compression  interaction  curve  for  the  conical 
shell  having  a  semivertex  angle  of  30  degrees,  shown  in  Figure  39,  is 
different  from  the  cylinder  interaction  curve.  The  curves  for  the  three 
values  of  the  pressure  parameter  coincide  remarkably  well  and  lie  above 
a  straight  lice  connecting  the  end  points.  In  the  tension  region  the  inter¬ 
action  curve  lies  beiow  the  straight  line.  Similar  results,  for  somewhat 
lower  values  of  the  pressure  parameter,  are  given  in  Reference  6  for 
r/-7  PH  stainless  steel  cones. 

It  appears  reasonable  to  conclude,  despite  the  f  tiall  amount  of 
data,  that  a  straight  line  interaction  curve  is  adequate  for  pressurised 
cylinders  in  bendiiig  and  axial  compression.  The  corresponding  curve  for 
presburizeu  cones  lies  above  the  straight  line  and  is  probably  a  function  of 
or  more  cono  geometry  parameters.  The  use  of  a  straight-line  inter¬ 
action  curve  for  conical  shells  would  be  conservative,  but  adequa-.e  foi 
design  purpose*. 
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Table  12.  Experimental  Data  for  Pressurized  Mylar  Cones  in  Bending 
(Hydrostatic  Pressure) 
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Table  13.  ELqie rin.ental  Data  for  a  Preonurized  Mylar  Cylinder  under 
Bending  and  Axial  Compression 
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■  rnal  Pr«»kurc  Parameter  oi  Net  Bending 
Cytindere  Under  Uniform  Hydroetatic  Preeeure 
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X.  CYLINDERS  AND  TRUNCATED  COKES  UNDER  UNIFORM 

EXTERNAL  HYDROSTATIC  PRESSURE 

The  problem  of  the  buckling  of  conical  shells  under  external  uniform 
hydrostatic  pressure  has  been  studied  theoretically  hy  many  investigators. 
The  various  investigations  are  summarized  in  Reference  41,  which  also 
presents  the  results  ol  a  more  accurate  independent  analysis.  The  con¬ 
clusion  reached  in  Reference  41  is  that  the  critical  external  pressure  of 
a  conical  frustum  is  approximately  equal  to  a  factor  times  the  critical 
external  pressure  of  a  cylinder  having  the  same  wall  thickness,  a  radius 
equal  to  the  average  radius  of  curvature  of  the  cone,  and  a  length  eqxial  to 
the  slant  length  of  the  frustum.  The  factor  is  a  function  only  of  the  ratio 
of  the  end  radii  of  the  cone  and  increases  from  1.00  for  the  cylinder 

(1  -  R,/R-  -  0)  to  1.22  for  a  cone  with  1  -  R,/R,  equal  to  0.8  and  then 

12  ^  ^  / 
decreases  to  about  1.17  for  a  complete  cone  (1  -  Rj/R^  =  1.0).  Lower  - 

values  of  the  factor  are  implied  by  the  studies  of  Niordson  in  Reference 
42  and  Bijiaard  in  Reference  43,  but  these  cannot  be  regarded  as  theoreti¬ 
cally  accurate  since  Niordoon  makes  many  approximations  of  unknown 
effect  i.i  his  analysis,  while  Eijlaard's  values  are  based  on  intuition, 

A.  Test  Technique 

The  tests  reported  in  the  present  section  were  dc  igned  to 
explore  the  conclusions  of  Reference  41.  The  Mylar  specimens  were  first 
fixed  in  the  upper  clamping  fixture  (see  Figure  6)  and  then  placed  on  the 
inner  portion  of  the  lower  clamping  fixture  which  was  raised  approximately 
two  inches  above  the  base  of  the  loading  fixture  by  two  parallel  rectangular 
blocks.  This  prevented  the  bottom  of  the  cone  from  pressing  on  the  base 
of  the  loading  fixture.  The  outer  portion  of  the  clamp  was  then  placed 
over  the  cone  .md  brought  down  loosely  on  the  top  of  the  inner  lower  clamp, 
since  it  was  discovered  that  if  the  lower  clamps  were  fastened  by  screws, 
dimples  appeared  and  produced  premature  buckling  an  the  cone«  were 
loaded.  The  equivalent  of  external  pressure  was  supplisd  by  evacuating 
the  interior  of  the  specimen  by  means  of  a  vacuum  pump  until  buckles 
appeared. 
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A  nomber  of  thin-gage  and  thick-gage  cones  of  various  semi- 
vertex  angles  were  tested  with  the  outer  portion  of  the  bottom  clamp  removed. 
It  was  disco  vered  that  as  long  as  the  cone  was  dimple  free,  the  buckling 
pressure  was  the  same  for  the  10,  20,  and  30  degrees  whether  or  not  the 
outer  bottom  clamp  was  placed  over  the  cone.  For  the  45  and  60  degree 
cones  appreciably  higher  buckling  pressures  were  obtained  with  the  outer 
portion  of  the  bottom  clamp  placed  over  the  cones. 

B.  Results  and  Discussion 

The  data  for  the  various  tests  are  given  in  Tables  15  and  16  in 
the  form  of  corresponding  values  of  ^  "  R,/R2*  Values 

of  p^  for  the  average  cylinder  were  obtained  from  the  analysis  of 
Batdorf  in  Reference  44.  In  the  notation  of  the  present  paper 


The  number  of  circumferential  waves  n  was  varied  until  a  minimum 
value  of  p  was  obtained. 

Let  us  first  consider  the  cylindrical  specimens.  In  Part  (a)  of 
Table  15  >' or  re  spending  values  of  Z  and  are  given  for  the  specimens 
and  are  compared  with  the  theoretical  curve  of  Reference  44  in  Figure  40. 
Also  shown  in  Figu'  i  44  are  the  experimenial  results  of  Windenberg  and 
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Trilling  (Relerence  45)  and  of  Sturm  (Reference  46).  It  can  be  seen  that 
the  scatter  of  the  present  Mylar  and  steel  rcai'.lts  is  of  the  same  order  as 
that  obtained  previously  for  aluminum  and  steel  specimers.  Part  of  the 
scatter  for  the  results  may  be  attributed  to  uncertainty  in  the  modulus  of 
elasticity,  for  which  an  average  value  was  used  for  each  thickness.  How¬ 
ever,  there  are  at  least  two  additional  sources  of  scatter  which  should  be 
noted.  One  factor  is  the  effect  of  initial  imperfections,  which  has  only 
recently  been  explored  in  some  detail.  While  initial  imperfections  of  the 
shape  of  the  buckle  pattern  have  been  found  to  have  only  a  small  effect  on 
the  critical  pressure.  Kempner  has  noted  that  i^symmetric  imperfections 
may  result  in  significant  increases  or  decreases  in  buckling  pressure. 

The  data  available  is  insufficient,  but  a  gro jping.of  the  Mylar  data  indicates 
a  possible  dependence  -^n  radius -thickness  ratio.  A  second  source  of 
error  is  the  difficulty  in  some  cases  of  defining  a  buckling  pressure.  For 
the  thicker  cylinders  and  cones,  buckling  was  well  defined,  with  many 
bucklen  appearing  suddenly  at  acme  critical  pressure.  With  the  thinner 
cones  however,  buckling  occurred  in  a  progressive  fashion,  with  an 
Kj  huckle  appearing  at  a  low  pressure,  a  few  more  at  a  somewhat 
higher  pressure,  and  still  more  at  a  higher  pressure.  The  definition  of 
buckling  pressure  for  these  cases  was,  as  can  be  seen,  a  matter  of 
individual  judgement  which  may  have  varied  from  specimen  to  specimen. 

The  results  for  conical  shells  are  shown  in  Figure  41,  together 
with  values  obtained  by  other  investigators  (References  47-54),  which 
theoretical  reeults  of  References  41,  4?,  and  43.  We  see  from  Figurt  41 
that  the  scatter  of  the  data  is  too  large  to  verify  the  trends  indicated  by 
the  theory  of  Reference  4l .  The  results  do  indicate  that  Nlordson's 
approximation  yields  a  fairly  good  average  fit  to  the  data  since  the 
scatter  about  the  line  relatively  uniform  for  both  conss 

and  cylinders  of  many  materials  over  most  of  the  range  of  t  -  R^/R^' 

Since  moot  of  the  reeults  fall  within  80  percent  of  the  line  pljf  ■  1,  it  is 
recommended  that  both  conical  shells  and  cylinders  be  designed  by  the 
formula 

•s - 


Unpublished  paper  by  J.  Kempner,  presented  at  the  lOth  Inu i iMtlonal 
Congress  of  Theoretical  and  Applied  Mechanics,  Stress,  lUly,  i'.  August- 
8  September  1960. 
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P  =0. 8p  (19) 

cr  *^e 

where  can  be  obtained  from  Equation  (18)  or  from  the  approximate 
relation 


0.  ,1  E 


(20) 


The  similar  ouckled  shapes  of  various  cylinders  and  cones  are 
shown  in  Figure  42.  It  can  be  seen  that  the  point  of  maximum  deflection 
has  a  tendency  to  shift  toward  the  large  radius  of  the  cone  as  the  small 
radius  decreases,  as  predicted  in  Reference  41.  The  number  of  circum¬ 
ferential  waves  obtained  experimentally  is  given  in  Tables  15  and  16.  The 
computed  value  of  ti  shown  is  the  number  n,  which  yitlds  the  lowest  value 
betwc  en  the  number  of  buckles  given  in  the  two  columns  is  fair,  the  experi¬ 
mental  result  being  somewhat  lower  in  most  cases.  It  is  interesting  to 
note  that,  while  the  theory  of  Reference  41  predicts  an  Increase  in  the 
wave  number  n  from  t'lat  given  by  n  cos  t  for  values  of  •  -  Rj/R2 
greater  than  0.6,  the  experimental  results  do  not  indicate  any  such 
phenomenon. 
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T*ble  15.  Experimental  Data  for  Myl;r  Cylinder*  and  Conea  under 
Externiil  Uniform  Hydrostatic  I^’esaure, 
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Table  15.  Continued 
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Table  15.  Continued 
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Table  1 5.  Continued 


t 

(inch) 

1'.  X  lO"  ’ 
Ipsi) 

n  /t 
av' 

9/p 

^av 

1  -  '1  /'7 

Pcr/Pe 

n 

(experimental) 

n 

(predicted) 

(s)  0  - 

0.  005 

750 

1270 

0.  22 

0.  20 

0.  843 

20 

22  -  23 

0.  005 
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1270 

0.  22 

0.  20 

0.  784 

21 
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0.  67 

0.  50 
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rith  Theory  of  Various  External  Hydrostatic  Pressure 
for  Cylinders 
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Figure  42.  Exy  irimenUl  Buckle  Pattern*  fttr  Cylinder*  end  Cone* 
Under  External  Uniform  Hydroetatic  Proeeur* 
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XI.  CYLINDERS  AND  TRUNCATED  CONES  UNDER  AXIAL 

COMPRESSION  AND  EXTERNAL  PRESSURE 

The  theoretical  small- deflection  behavior  of  cylinders  under  axial 
compression  and  external  uniform  hydrostatic  pressure  is  discussed  in 
References  7  and  9  and  is  more  thoroughly  investigated  for  both  cylinders 
and  cones  in  Reference  31.  The  results  indicate  that^he  interaction  curve 
is  nearly  a  straight  line  for  cylinders  and  becomes  more  concave  down¬ 
ward  as  the  taper  ratio  (1  -Rj/R.,)  increases  for  conical  shells.  No 
experimental  data  have  appeared  in  the  literature  to  deny  o*"  confirm  these 
results. 

The  experimental  program  discussed  herein  is  very  limited,  com¬ 
prising  10  cylinders,  £  cones  liaving  a  30  degree  semivertex  angle,  and 
3  cones  having  a  60  degree  sem'ivertex  angle.- The  results  for-cyl inders 
are  given  in  part  (a)  of  Table  17  in  several  different  ways.  For  the  pur¬ 
pose  of  constructing  interaction  curves,  corresponding  values  of  P/P^^ 
and  p/p^j  tabulated.  These  are  shown  in  Figure  43.  It  is  apparent 
that  the  snread  of  the  data  iu  so  great  that  no  single  interaction  curve  can 
be  drawn.  The  reason  for  this  spread  of  data  is  more  readily  see  i  from 
the  values  of  P/2irEt  plctted  as  a  function  of  p/p^  in  Figure  44.  Also 
shown  is  the  theoretical  interaction  curve  obtained  in  Reference  31.  It 
can  be  seen  that,  for  values  of  external  pressure  near  the  critical  value, 
the  data  follow  the  theoretical  interaction  curve  reasonably  well  Those 
cylinders  which  yield  lower  axial  buckling  coefficients  depart  from  the 
theoretical  interaction  curve  much  sooner  than  do  those  which  yield 
higher  values  of  the  axial  buckling  coefficient.  Thus  the  interaction  curves 
for  cyl  nders  undoubtedly  depend  on  the  radius-thickness  ratio  of  the 
cylinder  and  would  require  many  more  tests  for  their  detailed  establish- 
iTient.  However,  from  the  limi’.ed  data  we  may  conclude  that  the  use  of  a 
straight  line  interaction  curve,  or  the  theoretical  curve,  is  conservative 


p/p^  could  also  have  been  used,  but  with  somewhat  more  scatter. 
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and,  considering  the  wiae  range  of  values  that  might  be  expected  for  cylin¬ 
ders  having  a  given  radius-thickness  ratio,  adequate  for  design. 

The  behavior  of  the  few  cones  tested  was  quite  different  in  that  an 
unexpected  phenomenon  was  encountered.  Although  the  load  carrying 
capacity  of  cylinders  always  decreased  when  buckling  occurred  (with  the 
buckle  mode  remaining  the  same),  such  is  not  the  case  for  conical  shells. 

It  was  found  that  for  low  values  of  external  pressure,  two  distinct  equili¬ 
brium  shapes  could  be  obtained  for  approxii,iately  the  same  axial  compres¬ 
sive  load.  For  larger  values  of  the  external  pressure,  the  mode  associated 
with  buckling  was  first  obtained  as  the  axial  load  was  increased.  When 
buckling  occurred,  the  load  carrying  capacity  would  drop  slightly  but  then 
would  continue  to  increase  beyond  the  buckling  load  until  the  second  mode, 
called  the  collapse  mode,  was  obtained.  In  addition,  the  cones  continued 
to  carry  some  load  when  the  pressure  was  increased  beyond  the  critical 
value  for  external  pressure  alone,  decreasing  finally  to  zero  when  the 
external  pressure  that  would  yield  the  collapse  mode  was  reached. 

An  il  1..  jtration  of  the  buckle  and  collapse  modes  of  conical  shells  for 
various  external  pressures  is  shown  in  Figure  45.  It  is  interesting  to  note 
that,  except  for  the  case  oi  axial  compression  alone,  the  Snrkle  mode 
shape  does  not  vary  much  with  external  pressure  and  that  thr  collapse  mode 
can  be  considered  to  be  independent  of  load.  The  buckling  behavior  differs 
somewhat  from  that  associated  with  cylinders,  fox  which  the  buckled  shapes 
arc  illustrated  in  Figure  46. 

The  experimental  data  for  the  conical  shells  is  given  in  parts  (b)  and 
(c)  of  Table  17.  In  addition  to  parameters  involving  the  buckling  load  P, 
other  parameters  for  the  collapse  load  are  given.  The  curves  for  P/P^ 
and  P*P  as  a  function  of  p/p  are  ■hown  in  Figure  47  for  th.-  10  dcEm; 
cones  anu  in  Figure  48  for  the  60  degree  cones.  It  ran  bs  seen  that  the 
different  physical  behavior  of  conical  shells  is  associated  with  interaction 
curves  that  differ  from  those  for  cylinders.  The  buckling  data 


I 
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for  the  various  conos  are  in  fairly  good  agreement  with  the  theoretically 
predicted  interaction  turves.  The  collapse  data  indicates  that  the  pheno¬ 
menon  is  a  function  of  the  acmivertex  angle  since  the  collapse  loads  for 
the  30  degree  cones  differ  from  the  buckling  loads  at  pressures  greater 
than  about  60  percent  of  the  critical  value  for  pressure  alone,  compared 
to  pressures  greater  than  about  20  percent  of  the  critical  value  for  pres¬ 
sure  alone  for  the  60  degree  cones.  The  60  degree  cones  are  also  seen 
to  have  collapse  load  ratios  larger  than  those  for  30  degree  cones,  as 
well  as  a  larger  collapse  pressure  ratio. 

When  the  values  of  P/2nEt^co3^a  are  plotted  as  a  function  of  p/ 
(Figure  49)  it  can  be  seen  that  even  though  the  axial  load  coefficient  for 
axial  load  alone  is  of  *he  same  order  as  those  for  the  smaller  radius - 
thickness  ratio  cylinders,  the  shapes  of  the  curves  are  quite  different. 

The  cone  data  indicates  a  percentage  reduction  in  the  axial  load  parameter 
which  is  almost  independent  of  the  pressure  ratio  (hence,  yielding  almost 
a  straight  line  interaction  curve),  whereas  the  cylinder  data  (Figure  44) 
mdi.'.ttcs  agreement  between  theory  and  experiment  for  pressure  ratios 
near  unity  and  an  insensitivity  to  pressure  for  pressure  ratios  near  aero. 

It  is  evident  that  considerable  theoretical  and  experimental  work 
remains  to  be  done  to  explain  the  differences  between  cone  nd  cylinder 
behavior  under  combinea  axial  compression  and  external  pressure.  The 
limited  results  do  indicate,  however,  that  a  straight  line  interaction  curve 
IS  sate  tor  design  purpose. 
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Table  17.  Continued 
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(in. ) 

E 

(pel) 

</p  !  p/p 

*v  1 

P/Po 

P/2iTEt^  ,:o»^  a 

P/Pe 

(a)  0  =  0° 

0.005  750,000  £.00 


0.0075  I  800,000  533 


l.OOC 
0.000 
0.131 
0.263 
0.395 
0.526 
0.659 
0.790  I 
0.922  I 


0.0073  800,000  533 


0.008C  712,000 


0.008  762,000  500 


0.000 
".315 
.311  , 
.302 
.295 
.277 
.196 
.082 
.044 
0.0349 
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Figure  44.  Variation  of  Axial  ContpreafTlon  Ooafficiont  v«tli  Rkternal 
Preaaure  Hatioa 
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rifure  45.  Varlatloa  of  Buckle  and  Collapee  Patterns  for  a  Coal-Jkl 
Shell  with  Blffereat  Combl&atioae  of  Axial  Cempreeotoo 
aad  external  Pressure. 
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Figure  46.  Varlatien  of  Buckle  Pattern  for  Cylla4ere  with  Dlifereat 

Cofnbiaatlone  of  Axial  Compreeeion  and  External  Preaeure 
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Xn.  CYUNDERS  AND  TRUNCATED  CONES  IN  TORSION 

The  stability  of  cylindrical  shells  under  torsion  lyas  been 
comprehensively  reviewed  in  References  55  and  56,  which  summarise  the 
voluminous  literature  on  this  problem.  In  essence,  experimental  results 
are,  on  the  average,  about  16  percent  below  those  predicted  by  the  small- 
deflection  theory  for  simply  supported  cylinders,  while  individual  tests 
are  as  much  as  40  percent  below.  LArge-ueflection  theory  indicates  that 
initial  imperfections  should  have  some  effect,  althoueh  not  nearly  so  much 
as-  for  axial  compression;  but  no  attempts  appear  to  have  beenmade  to 
correlate  the  data  with  radius -thickness  ratio  and  length-radius  ratio. 

For  moderate  length  cylinders,  critical  tirsion  loads  are  given  approxi-  i 

mately  by  the  equation 


1.70  2^'^  .  Ul) 

It  is  generally  recommended  that  deai|11  values  be  taken  as  about  75  per¬ 
cent  of  the  values  given  by  Equation  (2i). 

Truncated  conical  shells  under  torsion  have  only  recently  been 
treatt-i,  as  in  Reference  57.  The  eivalysis  presented  thereiaindicatet  that 
the  critical  torsion  load  is  very  closely  equal  to  that  for  t -i  equivalent 
cylinder  having  the  same  wall  thickness,  a  length  equal  to  the  axial  length 
of  the  conical  frustum,  and  a  radius  given  by  the  relation 


Thus  Equaiton  (22)  may  be  used  for  moderate  length  cones,  provided  that 
R  is  replaced  by  p*  in  the  parameter  2  and  wherever  else  it  enpUcity 
appears. 

N:  crpcrimentsl  dau  have  been  svsilable  for  the  veriAeatioa  of  the 
theory  in  Reference  57,  other  than  the  few,  soenewhat  ineosMluvive  tesM 
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reported  in  Reference  58.  Therefore,  exploratory  test*  with  steel 
cylinders  and  cones  were  made  to  provide  come  preliminary  data  for  the 
assessment  of  the  theory.  The  material  used  for  the  specimens  was  0.010 
'nch  thick  1020  steel  and  0.020  inch  thick  4130  steel  with  a  compressive 
yield  stress  of  39,000  psi  and  77,  000  psi  respectively,  and  an  average 
Young's  modulus  of  30.  000,  000  psi. 


Experimental  critical  shear  stresses  are  given  in  Table  18  and  are 
there  compared  with  analytical  predictions.  These  were  obtained  from 
the  torque  by  the  relation 


T 

2*Rj^t 


(23) 


For  the  conical  shell';,  this  gives  the  maximum  shear  stress  which  occurs 
at  the  smallest  cross- section.  The  analytical  predictions  were  obtained 
from  Equations  (21),  (22),  and  (23).  The  results  for  the  cylindrical  shells 
are  similar  to  those  obtained  by  other  invsstigators.  The  resuhe  for  the 
conical  shells  are  in  about  as  good  agreement  with  conical  shell  theory  as 
those  lur  the  cylinders  are  with  cylindrical  shell  theory.  We  may  there¬ 
fore  conclude  that  the  theory  of  Reference  S7  is  adequate  for  the  design 
oi  contest  shells,  proviled  that  the  theoretical  results  are  reduced  by  the 
(actor  used  for  the  design  of  cylindrical  shells. 

An  additiooal  factor  of  seme  interest  is  the  buckled  shape  of 
cylinders  and  cones  in  torsion.  In  Table  II,  the  observed  number  of 
cumferential  bucklee  is  compared  with  the  number  predicted  by  late;  pola- 
tion  and  extrapolatioo  of  the  results  of  Reference  S7.  The  obeerved 
number  ef  buckles  appears  to  be  hlways  less  than  the  predicted  number, 
but  the  agreement  is  fairly  good.  The  experimental  buckle  patterns  are 
illustrated  in  Figure  50.  It  is  interesting  to  note  that  while  the  buckles 
occur  over  the  esdire  length  of  the  cyliadera,  they  eppeer  to  cencentrate 
near  the  email  radius  of  the  cones  as  the  cone  length  iMreases.  allhongh 
the  derived  critical  torrioa  load  depends  on  the  length  of  the  specimen. 
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Xm.  SUMMARY  AND  RECOMMENDATIONS 

Aa  a  reault  of  thia  program,  a  number  of  concepta  concerning 
cylindrical  and  conical  ahell  buckling  have  been  clarified  and  aome  new 
problema  requiring  further  ir.vcctigai.ion  have  been  uncovered.  Aa  in 
many  complex  problema,  a  aatiafactory  aolution  dependa  upon  a  cloae 
aaa  :>ciation  of  careful  experimentation  and  aound  theoretical  atudiea. 
Theory  ia  uaeful  in  eatabliahing  the  aignificant  parametera  and  experi¬ 
ment  ia  required  to  check  the  accuracy  of  the  theoretical  approach  and 
to  point  out  phenomena  which  have  either  been  ignored  or  not  eufflciently 
well  conaidered  in  the  analytical  approach.  The  nature  of  the  ahell 
buckling  problem  aeema  to  be  auch  that  while  the  theory  correctly  pre¬ 
dicta  the  important  parametera  involved,  deaign  buckling  loada  muat  be 
found  by  experimental  methoda  ainee  the  current  theoriea  ere  net  auffi 
cient  to  determine  exact  numerical  valuea  of  the  parametric  coatftcleata. 

In  the  eubaectiona  which  follow,  the  atate  of  knowledge  concern- 
iU|k  U4cb  loading  coeditior.  is  summtrieed  with  th*  nhUrt  of  peinting  out 
what  ia  known  and  whera  thara  ara  araaa  raquiring  additional  thaoratical 
and  exparimantal  atudiea. 

A.  Axial  Compreaaton 

Although  the  monoeeque  circular  cylinder  under  a  uniform 
axial  load  ia  one  of  the  aimplaat  of  ahell  configuretieae,  ^ad  ie  one  which 
haa  heen  atudied  by  many  inveatlgatora,  e  completely  aatiefectory  eelet- 
ion  to  the  problem  net  yet  evaileble.  h  haa  been  fenad  that  eaeny 
(actora  combine  to  determine  the  bucaling  lend  of  e  particular  cyllr  ler. 
Theet  include  the  care  ia  fahrication.  the  patience  end  enperlenee  of  the 
tnveetigeter.  and  ceadhieea  of  the  teat  epacimee,  ii^lel  deferanetiena, 
pleatlc  atrata  nuclei,  etc.  Kortuantely.  it  eiHpeere  ihet  there  esiete  a 
toirly  definite  lower  boued  U  the  buckliag  etreea  for  cylinder  a  wVicb 
buckle  at  etreeeeo  ia  the  eteaiU  regiec..  Thle  lower  hhnni  ana  iherafere 
be  need  for  deeign  pnrpeeee  with  e  reeienehle  aeeurence  that  the 
atructwre  will  be  eefe.  A  dtecrUntneting  canape 


rieen  of  eunUnhIe  date 


-V 
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Indicates  that  the  lower  bound  for  the  variation  of  the  buckling  load  with 
the  radius -thicluiesB  ratio  of  the  circular  cylinder  is  reasonably  well 
described  by  the  relation 


for  R/t  greater  than  500  and  for  L/R's  less  than  approximately  5  but 
greater  than  0. 5.  A  relation  that  yields  a  better  representation  of  the 
lower  bound  curve  for  the  entire  range  of  test  d!;ktat 


100  <  4000  , 


has  been  found  to  be  given  by 


>  0.606  .  0.546  1 


The  eifset  of  the  cylindM  Isugth  is  only  vaguely  known  at  the  present  time, 
since  the  number  of  tests  investigating  this  factor  are  very  few  in  number. 
The  correction  suggested  by  Karemitsu  and  Nojima  in  Reference  15,  on  the 
basis  of  their  tests,  consists  of  the  addition  of  the  term 

,,>0.3 

0.16(£)  (27) 

to  Equation  (24).  There  Is  some  data,  however,  that  tend  to  Indicate  that 
expsrlmental  results  for  cylinders  with  values  of  L/  R  greater  than  5 
would  yield  results  less  than  those  given  by  Equations  (24)  (26),  whereas 

the  combination  of  Equations  (24)  and  (27)  would  not  predict  any  such 
effect.  Xt  would  also  be  of  interest  to  Imow  whether  the  observed  Increase 
in  Huckllag  load  for  low  values  of  L/  R  bear  any  coasieteat  relation  to  .he 
increased  theoretical  buehUag  load  for  short  clamped  cylinders. 

For  deelgn purposes,  then,  the  situation  is  as  foUows.  Ihereappears 
to  be  no  real  reason  to  radieaUy  departf  rtm  pnetdesifs  methods  provided  that 
the  range  of  cylinder  parameters  does  not  exeeed  these  tested.  The  basic 
Kancmiteu-Nejfoaa  fotrauU,  givlni  the  mdino-tksojaMSS  ratio  effect,  anight 
be  replaced  by  Equation  (.;>6).  which  would  extend  the  lower  llanit  of 
appUeabiUty  of  these  deeisa  mefoods. 
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In  order  to  anawer  some  of  the  questiona  ralaed,  it  may  be  neceaaary  to 
undertake  an  extenaive  experimen'al  program,  under  relatively  conatant 
conditlonut  to  determine  a  atatiatical  deaign  criterion  which  better 
deacribea  the  effecta  of  radiua-thlckneaa  ratio  and  length>radiua  ratio. 
Thia  program  ahould  involve  many  Identical  apecimena  to  give  a  reaaon* 
able  atatiatical  aample  for  each  combination  of  valuea  of  L/R  and  R/t. 
Cara  ahould  alao  be  taken  to  eliminate  the  poaaibilitiea  of  yielding  at  the 
cylinder  enda  or  overall  plaatic  buckling  and.tha  aeparate  detcrnalnatlona 
of  theae  effecta  made  with  many  different  inateriala.  Future  theoretical 
work  aiioitld  include  a  better  large^efection  analyaia,  including  the  effecta 
of  finite  length,  end  couditiona.  and  plaatxcity. 

For  conical  ahaila  in  axial  compreaaion  the  aame  argumenta 
apply.  The  data  of  the  preaent  report  indicate  that  for  deaign  purpoac  it 
ia  adequate  to  modify  £quatlona  (24)  or  (26),  and  (27)  in  accordance  with 
the  thaoratkal  reault  of  Rofarence  24,  attd,  by  uaa  of  the  email  rndiua  of 
curvature  and  the  alant  length  of  the  cone  in  place  of  the  cylinder  radiua 
and  length,  to  obtain 


The  loads  calculated  by  this  formula  bear  about  the  aame  relation  to 
experimental  loade  for  conee  rs  for  cylinders.  It  would  he  advisable 
however  to  inveetigate  the  effects  of  the  various  geometric  parameters  la 
much  more  detail,  la  order  to  determine  differences  in  bahavtor  not 
brought  out  by  the  present  set  of  sapor Imenta.  In  thle  reapoct  It  would  bo 
of  groat  tntareat  to  hava  large'daflaetlon  otudliao  of  tht  pcat-buckling 
behavior,  Uioludlng  initial  tmparfectloae,  to  guide  the  •xperlmenta  If  aay 
great  difference  la  behavior  actually  exleto. 
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B.  Axigl  Compreeeion  and  Internal  Preeeare 

The  reeulU  of  the  present  program  qualitatively  verify  Uie  be¬ 
havior  of  elaetici  preaauriaod  cyliadere  under  axial  compreesion  predicted 
in  References  19  and  28,  in  that  the  load  carried  by  the  cylinder  in  addition 
to  that  carried  by  Internal  pressure  increases  to  the  valus  given  b>  i>m4U- 
dsflection  theory  for  unpressurised  cylinders.  The  variation  of  the  net 
lead  with  intjsrnal  pressure  has  been  found  to  depend  on  the  radius -thickness 
ratio  of  the  cj^inder,  and  curves  suitable  for  desiftn  have  been  obtained. 

Thd  prodlcted  load-pressure  variation  of  Reference  19,  based 
on  a  transfer  of  energy  concept  due  to  Tsien  and  calculated  for  an  infinitely 
rigid  testing  machine,  overestimateo  the  effect  of  pressure.  It  is  interest¬ 
ing  to  note  that  the  results  of  most  of  the  in  'tigators,  obtained  from 
specimens  of  different  materials  and  with  different  testing  machines,  are 
similar.  The, results  sI:ow  that  the  coacluaioa  reached  in  Reference  19 
and  perpetuated  in  Referencss  20  and  21  (that  the  buckling  stress  of  a 
pressurised  cylinder  is  equal  to  the  sum  of  the  buckling  lesd  of  the  ua- 
pressurised  cryliader  aed  aa  Incrsmact  due  solely  te  preseure)  it  celaeldeatal 
and  that  this  oeacept  aheuld  be  abandoned. 

For  sufftcieatly  high  preseuree  the  behavior  of  the  cyltaders 
pr  .or  to  bucUtag  is  in  good  quantitativs  agraemant  with  caleulatlans  based 
on  linear iasd  aniaynunstrU  large -dsflsctiea  theory  (the  eeam-columa  ea 
an  slasUe  feuadatien).  although  some  unenplsUed  anomalies  have  bssa 
found  tor  tho  thioher  cylindors  tested.  At  seme  erlUesl  value  of  strain, 
dependent  on  tho  pressure  end  the  rndlus-thichmsoo  ratte,  the  cylinder 
snaps  Inte  a  diamead- shaped  hucklo  mode  and  the  loed  deer  eases.  Msasursd 
lesd  dsflsstiea  survos  shew  that  the  preteatly  aeeepted  eelutiea  of  ^  largT- 
deneottea  equntieas  for  dtaanead-shapod  dofermatioae  is  Inaseurate. 

Whethor  tide  is  due  to  ItmitaUono  of  tho  oquattoao  or  lo  limitatioao  of  Ui*<r 
talutlan  is  nncsrtsin'  li  is  also  uacartata  whether  or  aot  It  would  bo 
nosttonry  se  salve  tbs  targe -dellssttoa  equations  for  a  fiaite  cyliadsr  w 
ebsaia  geed  mressaent  beiweea  dteory  and  aaperiment. 
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Experimental  buckling  loads  for  conical  shells  arc  iu  relatively 
good  agreement  with  those  based  on  small-deflection  theory  for  sufficiently 
high  pressures  but  indicate  that  the  end  support  condition  may  be  more 
important  than  for  cylinders.  Insuficient  data  is  available  to  enable  design 
curves  to  be  recommended  for  the  region  of  low  pressure  parameter. 

One  problem  for  future  experimental  investigations  is  the  effect 
of  length  on  the  results  for  cylinders  (all  results  were  obtain'^d  for  cylin¬ 
ders  having  a  constant  length  and  radius).  Much  additional  data  is  needed 
for  cones  for  varying  values  of  small  radius -thickness  ratio,  semivertex 
angle,  and  length.  Finally,  the  effects  of  plasticity  need  to  be  explored 
.since  this  factor  places  limits  on  the  applicability-of  the  present  results 
to  metal  structures. 


Bending.  Axial  Load,  and  Internal  Pressure 


The  investigation  of  the  stability  of  cylinders  and  cones  under 
bending,  with  or  without  additional  loads,  has  raised  some  rather  pussling 
ques  ons  and  le%de  to  the  conclusion  that  this  is  an  area  not  well  under¬ 
stood  at  the  present  time. 


It  hu*  been  found  that  a  good  represeaUtion  rf  the  lower  bound 
of  most  .xperimental  data  for  pur's  bendinf  of  cylinder  and  cones  can  be 
represented  by  an  equation  similar  to  Kquatiou  '’f),  neglecting  length 


(29) 


This  gives  results  quite  different  'rom  those  obtained  by  multiplying  the 
toeffl.  ientk  lor  axial  compression  by  a  constant  factor  (such  as  1.5.  com¬ 
monly  used)  for  wnlch  there  is  no  actual  justification.  Tie  fact  that  the 
lower  bound  fur  bar  ling  is  higher  than  that  for  axial  cum  .veaeUm  easts 
doubt  on  ths  common  aeeumptlon  that  poat-huckliag  t-hsr'.vterlsties  far 
bending  are  tae  enme  ne  tboee  for  nxinl  cumpreeeion.  Ihs  queetlen 
involved  is  this:  even  is  a  preferred  buckling  loentlon  wUl.  en  the  nvernge. 
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yield  higher  buckling  stress  coefficients,  why  are  not  some  of  the  test 
results  for  bending  as  low  as  those  for  axiai  compression?  The  answer  to 
this  question  might  be  related  to  the  longitudni-  :e,'>o  It  would 

be  interesting  to  kno«;^'  if  similar  results  would  be  obtained  if  the  seam 
were  arbitrarily  located,  rather  than  at  the  neutral  axis  of  the  cylinder. 
Additional  indications  that  further  investigation  into  the  behavior  of  cylin¬ 
ders  or  cones  in  bending  is  necessary  are  that  the  effects  of  pressure  for 
the  two  cases  are  different,  and  that  tension  and  bending  produce  unex¬ 
pected  phenomena.  The  addition  of  pressure,  with  the  axial  pressure 
stress  component  counterbalanced  by  axial  -oirpression,  raises  the  maxi-, 
mum  compressive  stress  at  collapse  ru  values  which  are  above  those  pre¬ 
dicted  by  small- deflection  theory  a..d  which  increase  linearly  with  pres¬ 
sure.  The  load-deformation  curve,  however,  always  exhibits  a  behavior 
characteristic  of  the  snap-through  type  of  buckling*  rising  to  a  sharp  peak 
anddecreasing  suddctly.  If,  now,  the  axial  compression  is  removed,  the 
nominal  maximum  compressive  stress  for  the  same  pressure  is  consider¬ 
ably  larger  than  that  for  lateral  pressure  alone,  and  the  load-deformation 
curve  becomes  more  gently  curved  as  (or  axial  compression  and  internal 
pressure.  However,  for  large  values  of  the  internal  pressure,  the  lead- 
deform<'<tion  curve  continues  to  rise  indefinitely  and  exhibits  no  collapse 
moment.  A  similar  result  is  obtcined  (or  unpteeeurised  cylinders  when 
tension  is  applied  as  well  as  bending  moment. 

^  .sible  explanation  of  this  phsnomenon  is  t'.,t  Urge  defor¬ 
mations  in  the  compressiPa  region  of  the  cylinder  or  co.i.  cauee  a 
redietribution  of  stress  end  a  shift  of  the  neutrel  axle  toward  the  teaalon 
side  of  the  ehell.  The  tensile  load  would  then  produce  an  opposing  n  oment 
which  would  increase  with  increeslng  deformation  of  the  ehell  to  produce 
the  rising  load-deformation  curve  obtained  experimentally.  It  is  evident, 
however,  that  Urge-deflection  studies  are  neceeeary  to  cUrify  the  eUua- 
tior  end  to  determine  whether  we  can  even  define  a  collapse  load  for  these 
loading  conditions.  On  the  oCier  hand,  small* dedoctioa  theory  does  appMr 
to  satisfactorily  predict  the  moment  required  for  the  onset  of  large 
deformations. 
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D.  External  Pressure  and  Axial  Compression 

For  external  pressure  alone  the  experimental  results  indicate 
that  for  conservative  design  the  critical  presiiur-e  for  cylinders  and  cones 
should  be  taken  as 


I 


I 


P  ^ 
cr 


0.74E 


(30) 


which  is  about  80  percent  of  the  theoretical  value  for  cylinders  and  from 
66  to  80  percent  of  the  theoretical  value  for  cones.  An  average  value  for 
the  test  data  is  obtained  by  increasing  the  factor  of  0.  74  in  Equation  ( 
to  a  value  of  0.  92.  Future  study  in  areas  of  interest  indicated  by  these 
results  call  for  a  complete  explanation  of  the  rather  wide  scatter  band  and 
the  discrepancy  bet/*een  theory  aikd  experiment  that  is  larger  for  conical 
shells  than  fur  cylinders. 

Interaction  curves  between  external  pressure  and  axial  compres- 
t'.ort  indicate  that  for  cylindere  the  results  depend  on  the  radlus*tluckaeso 
ratio  and  possibly  the  length-radius  ratio.  A  straight  line  InteractiOB 
curve  is  conservative.  For  conical  eholle  we  have  the  unexplained 
phenomenon  of  a  differentiation  between  buckling  and  collepte  loads.  The 
buckling  interaction  curves  appear  to  follow  an  almost  straight  licet  indi¬ 
cating  an  unexpected  uniforr.  percentage  decrease  in  the  utial  compressive 
load  from  the  theoretical  value,  while  the  coilapsa  inter aetioa  curve 
appears  to  depend  on  the  semivertex  angle  of  the  cone.  Additional  tests 
and  theoretical  investigations  are  needed  for  a  definitive  descripuo  t  of 
these  phenomena. 


K.  Torsion 

Teats  on  torsion  indicate  that  the  agreement  between  theory 
and  experiment  for  conical  sheila  is  about  the  same  as  that  for  cylinders. 
It  is  recommended  that  design  torques  fo.  cones  and  cyltaders  be  taken  as 
about  73  percent  of  the  theoretical  value 
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where  L  is  the  height  of  the  conical  frustum  and 


♦ 

P 


L 


COS  a  . 


(31) 


(32) 
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